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.- DES CLASSIQUES DE LA TOPOLOGIE DES EVN
MP :1

E�x�e�r�c�i�c�e :1
S�o�i�t E �u�n� K -�e�s�p�a�c�e �v�e�c�t�o�r�i�e�l , N1 �e�t N2 �d�e�u�x �n�o�r�m�e�� �s�u�r� E.
1. O�n� �s�u�p�p�o�s�e �q�u�'�i�l �e�x�i�s�t�e �u�n� �é�l�é�m�e�n�t a �d�e E �e�t �u�n� �r�é�e�l

�s�t�r�i�c�t�e�m�e�n�t �p�o�s�i�t�i�f �t�e�l �q�u�e BN1
f (a, r) = BN2

f (a, r) .M�o�n�t�r�e�r�
�q�u�e N1 = N2

2. O�n� �s�u�p�p�o�s�e �d�a�n�� �c�e�t�t�e �q�u�e�s�t�i�o�n� �q�u�e
BN1(a, r) = BN2(a, r).M�o�n�t�r�e�r� �q�u�e N1 = N2

S�o�l�u�t�i�o�n� 1 1. S�o�i�t x �u�n� �v�e�c�t�e�u�r� �n�o�n� �n�u�l �d�e E , �o�n� �a� y =
r

N1(x)
x+ a

�e�s�t �u�n� �é�l�é�m�e�n�t �d�e BN1
f (a, r) �d�o�n�c y ∈ BN2

f (a, r) �c�e �q�u�i� �v�e�u�t �d�i�r�e �q�u�e :
N2 (y− a) =

r
N1(x)

N2(x) ≤ r �c�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e
N2(x) ≤ N1(x) �e�t �c�o�m�m�e N1 �e�t N2 �j�o�u�e�n�t �u�n� �r�ô�l�e �s�y�m�é�t�r�i�q�u�e
, �a�l�o�r�� N1(x) ≤ N2(x) �e�t �p�a�r� �s�u�i�t�e N1(x) = N2(x) �e�t �c�e�c�i� �é�t�a�n�t
�v�r�a�i� �p�o�u�r� �t�o�u�t x �n�o�n� �n�u�l �d�e E �e�t �c�o�m�m�e N1(0E) = N2(0E) , �a�l�o�r��
∀x ∈ E , N1(x) = N2(x) �c�e �q�u�i� �p�r�o�u�v�e �a�l�o�r�� �q�u�e N1 = N2

2. S�o�i�t x �u�n� �v�e�c�t�e�u�r� �n�o�n� �n�u�l �d�e E .O�n� �a�
r

N1(x)
x + a /∈ BN1(a, r) = BN2(a, r)

�c'�e�s�t �à� �d�i�r�e �q�u�e N2

(
r

N1(x)
x
)
≥ r , �c�e �q�u�i� �é�q�u�i�v�a�l�e�n�t �à�

N2(x) ≥ N1(x) �e�t �c�o�m�m�e N1 et N2 �j�o�u�e�n�t �u�n� �r�ô�l�e �s�y�m�é�t�r�i�q�u�e ,
�a�l�o�r�� �o�n� �a� N1(x) = N2(x) �e�t �c�o�m�m�e N1(0) = N2(0) , �a�l�o�r�� N1 = N2

E�x�e�r�c�i�c�e :2
S�o�i�t A �u�n�e �p�a�r�t�i�e �n�o�n� �v�i�d�e �c�o�n�v�e�x�e �d�e E .M�o�n�t�r�e�r� �q�u�e A �e�t A0

�s�o�n�t �c�o�n�v�e�x�e��

S�o�l�u�t�i�o�n� 2 S�o�i�t A �u�n�e �p�a�r�t�i�e �c�o�n�v�e�x�e �d�e E

1. S�o�i�t (x, y) ∈ A2 �e�t t ∈ [0, 1] .D'�a�p�r�è�� �l�a� �c�a�r�a�c�t�é�r�i�s�a�t�i�o�n� �d�'�u�n� �p�o�i�n�t
�a�d�h�é�r�e�n�t , �o�n� �a� :

∃ ((xn)n, (yn)n) ∈
(

AN
)

2 , xn → x et yn → y

.C�o�m�m�e A �e�s�t �c�o�n�v�e�x�e �d�e E , �a�l�o�r�� �o�n� �a� :
∀n ∈N , txn + (1− t)yn ∈ A2

E�t �c�o�m�m�e txn + (1− t)yn → tx + (1− t)y , �a�l�o�r�� tx + (1− t)y ∈ A ,
�c�e �q�u�i� �p�r�o�u�v�e �a�l�o�r�� �q�u�e A �e�s�t �c�o�n�v�e�x�e �d�e E

2. S�o�i�t (x, y) ∈
(

A0
)2 , t ∈ [0, 1] �e�t r > 0 �t�e�l �q�u�e B(x, r) ∈ A .I�l ��'�a�g�i�t

�m�o�n�t�r�o�n�� �q�u�e a = tx + (1− t)y ∈ A0 . I�l �e�s�t �c�l�a�i�r� �q�u�e �s�i� t ∈ {0, 1} ,
�a�l�o�r�� tx + (1− t)y ∈ A0 , �s�u�p�p�o�s�o�n�� �a�l�o�r�� �q�u�e t ∈]0, 1[ , �e�t �c�o�n�s�i�-
�d�é�r�o�n�� �l��a�p�p�l�i�c�a�t�i�o�n� �d�e E �d�a�n�� E �d�é�f�i�n�i�e �p�a�r� h : z 7−→ tz+(1− t)y

, �i�l �e�s�t �c�l�a�i�r� �q�u�e :
h(x) = a et h (B(x, r)) = B(a, tr) ⊂ A

�c�a�r� A �e�s�t �c�o�n�v�e�x�e �e�t �e�n� �p�a�r�t�i�c�u�l�i�e�r� a ∈ A �e�t �p�a�r� �s�u�i�t�e �l�a�
�c�o�n�v�e�x�i�t�é �d�e A0

E�x�e�r�c�i�c�e :3
S�o�i�t E �u�n� �e�v�n� , A �e�t B �d�e�u�x �p�a�r�t�i�e�� �d�e E , �o�n� �s�u�p�p�o�s�e �q�u�e
A �e�s�t �o�u�v�e�r�t �d�e�n�s�e �d�a�n�� E �e�t B �e�s�t �d�e�n�s�e �d�a�n�� E .M�o�n�t�r�e�r�
�q�u�e A ∩ B �e�s�t �d�e�n�s�e �d�a�n�� E

S�o�l�u�t�i�o�n� 3 S�o�i�e�n�t x ∈ E �e�t U �u�n� �o�u�v�e�r�t �d�e E �c�o�n�t�e�n�a�n�t x ,c�o�m�m�e A

�e�s�t �d�e�n�s�e �d�a�n�� E , �a�l�o�r�� U ∩ A 6= φ �e�t �c�o�m�m�e B �e�s�t �d�e�n�s�e �d�a�n�� E �e�t
U ∩ A �e�s�t �u�n� �o�u�v�e�r�t �n�o�n� �v�i�d�e �d�e E �d�o�n�c (U ∩ A)∩ B = U ∩ (A∩ B) 6= φ

�c�e �q�u�i� �p�r�o�u�v�e �q�u�e A ∩ B �e�s�t �d�e�n�s�e �d�a�n�� E

E�x�e�r�c�i�c�e :4
S�o�i�t E �u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é �e�t F �u�n� �s�o�u�� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l
�d�e E �t�e�l �q�u�e F 6= E

1. M�o�n�t�r�e�r� �q�u�e F �e�s�t �u�n� �s�e�v �d�e E.
2. M�o�n�t�r�e�r� �q�u�'�u�n� �h�y�p�e�r�p�l�a�n� �e�s�t �s�o�i�t �f�é�r�m�é �o�u� �d�e�n�s�e �d�a�n��

E

3. E�n� �d�é�d�u�i�r�e �q�u�e �s�i� E = C ([0, 1] , R) �e�s�t �m�u�n�i� �d�'�u�n�e �n�o�r�m�e
||.|| , �a�l�o�r�� A = { f ∈ C ([0, 1], R) , f (0) = 0} �e�s�t �s�o�i�t �f�e�r�m�é
�s�o�i�t �d�e�n�s�e �d�a�n�� E

4. M�o�n�t�r�e�r� F0 = φ

5. E�n� �d�é�d�u�i�r�e �q�u�e �s�i� O �e�s�t �u�n� �o�u�v�e�r�t �n�o�n� �v�i�d�e �d�e E �a�l�o�r��
Vect(O) = E

6. E�n� �d�é�d�u�i�r�e �q�u�e Mn(K) �a�d�m�e�t �u�n�e �b�a�s�e �f�o�r�m�é�e �d�e�� �m�a�t�r�i�c�e��
�i�n�v�e�r�s�i�b�l�e��

7. Q�u�e �p�e�u�t-�o�n� �d�i�r�e �d�'�u�n� �s�o�u�� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �o�u�v�e�r�t �d�e E

S�o�l�u�t�i�o�n� 4 1. I�l �e�s�t �c�l�a�i�r� �q�u�e F 6= φ.
S�o�i�t (x, y) ∈ F2 �e�t α ∈ K .D'�a�p�r�è�� �l�a� �c�a�r�a�c�t�é�r�i�s�a�t�i�o�n� �s�é�q�u�e�n�t�i�e�l�l�e
�d�'�u�n� �p�o�i�n�t �a�d�h�é�r�e�n�t �o�n� �a�

∃ ((xn)n , (yn)n) ∈
(

F(N
)2

, xn → x et yn → y

C�o�m�m�e F �e�s�t �u�n� �s�o�u�� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �d�e E , �a�l�o�r�� ∀n ∈

N , α.xn + yn ∈ F �e�t �l�a� �s�u�i�t�e (α.xn + yn) �c�o�n�v�e�r�g�e �d�e �l�i�m�i�t�e α.x + y,
�a�l�o�r�� α.x + y ∈ F

2. S�o�i�t H �u�n� �h�y�p�e�r�p�l�a�n� �d�e E , �a�l�o�r�� �o�n� �a� H ⊂ H ⊂ E .S�u�p�p�o�s�o�n��
�q�u�e H �e�s�t �i�n�c�l�u�� �s�t�r�i�c�t�e�m�e�n�t �d�a�n�� H, �i�l �e�x�i�s�t�e �a�l�o�r�� a ∈ H �e�t�l
�q�u�e a /∈ H �e�t �p�a�r� �d�é�f�i�n�i�t�i�o�n� �d�e H �o�n� �a� H ⊕K.a = E �e�t �c�o�m�m�e
H �e�t K.a �s�o�n�t �i�n�c�l�u�� �d�a�n�� H , �a�l�o�r�� E ⊂ H �e�t �p�a�r� �s�u�i�t�e H = E

, �c�e �q�u�i� �p�r�o�u�v�e �a�l�o�r�� �q�u�e H �e�s�t �d�e�n�s�e �d�a�n�� E

3. I�l �e�s�t �c�l�a�i�r� �q�u�e �l��a�p�p�l�i�c�a�t�i�o�n� ϕ : f 7−→ f (0) �e�s�t �u�n�e �f�o�r�m�e �l�i�n�é�a�i�r�e
�n�o�n� �n�u�l�l�e �d�e E = C ([0, 1], R), �e�t �p�a�r� �s�u�i�t�e A �e�s�t �u�n� �h�y�p�e�r�p�l�a�n�
�d�e E �d�o�n�c �i�l �e�s�t �s�o�i�t �f�e�r�m�é �o�u� �d�e�n�s�e �d�a�n�� E

4. S�u�p�p�o�s�o�n�� �q�u�e F0 6= φ �e�t �s�o�i�t a ∈ F0 , �a�l�o�r�� �p�a�r� �d�é�f�i�n�i�t�i�o�n� �o�n�
�a� :

∃r > 0 , B(a, r) ⊂ F

.S�o�i�t x �u�n� �v�e�c�t�e�u�r� �n�o�n� �n�u�l �d�e E ,l��é�l�é�m�e�n�t y =
r

2||x|| x + a ∈ B (a, r)

�d�o�n�c �c'�e�s�t �u�n� �é�l�é�m�e�n�t �d�e F �e�t �c�o�m�m�e F �e�s�t �u�n� �s�o�u�� �e�s�p�a�c�e �v�e�c-
�t�o�r�i�e�l �d�e E , �a�l�o�r�� ||x||

2r
(y− a) = x ∈ F �e�t �c�o�m�m�e 0E ∈ F , �a�l�o�r��

E ⊂ F �e�t �p�a�r� �s�u�i�t�e E = F �c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e , �d�o�n�c F0 = φ

5. S�o�i�t O �u�n� �o�u�v�e�r�t �n�o�n� �v�i�d�e �d�e E .O�n� �a� O ⊂ Vect(O) , �d�o�n�c O = O0

�e�s�t �i�n�c�l�u�� �d�a�n�� �l��i�n�t�é�r�i�e�u�r� �d�e Vect(O) �e�t �p�a�r� �s�u�i�t�e Vect(O) �e�s�t �u�n�
�s�o�u�� �e�s�p�a�c�e �d�e E �d�'�i�n�t�é�r�i�e�u�r�e �n�o�n� �v�i�d�e �d�o�n�c �d�'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n�
�p�r�é�c�é�d�e�n�t�e �o�n� �a� Vect(O) = E

6. E�n� �a�p�p�l�i�q�u�a�n�t �l�e �r�é�s�u�l�t�a�t �d�e �l�a� �q�u�e�s�t�i�o�n� �p�r�é�c�é�d�e�n�t�e �p�o�u�r�
E =Mn(K) �e�t
O = GLn(K) , �a�l�o�r�� �o�n� �a� Vect (GLn(K)) =Mn(K) �c�e �q�u�i� �e�n�t�r�a�i�n�e
�q�u�e GLn()K �e�s�t �u�n�e �f�a�m�i�l�l�e �g�é�n�é�r�a�t�r�i�c�e �d�e Mn(K) �e�t �p�a�r� �s�u�i�t�e
�o�n� �p�e�u�t �e�x�t�r�a�i�r�e �d�e GLn(K) �u�n�e �b�a�s�e �d�e Mn(K)

7. S�i� F �e�s�t �u�n� �s�o�u�� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �d�e E , �a�l�o�r�� Vect(F) = F �e�t
�c�o�m�m�e F �e�s�t �u�n� �o�u�v�e�r�t �a�l�o�r�� �d�'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n� �p�r�é�c�é�d�e�n�t�e
�o�n� 4 �o�n� �a� F = Vect(F) = E.
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MP :1

E�x�e�r�c�i�c�e :5
O�n� �n�o�t�e �p�a�r� E �l��e�s�p�a�c�e �d�e�� �f�o�n�c�t�i�o�n�� �c�o�n�t�i�n�u�e�� �s�u�r� [0, 1] �à�
�v�a�l�e�u�r�� �d�a�n�� R �m�u�n�i� �d�e �l�a� �n�o�r�m�e ||.||∞ M�o�n�t�r�e�r� �q�u�e

C = { f ∈ E , f > 0}

E�s�t �u�n� �o�u�v�e�r�t �d�e E

S�o�l�u�t�i�o�n� 5 S�o�i�t f �u�n� �é�l�é�m�e�n�t �d�e C , �c�o�m�m�e f �e�s�t �c�o�n�t�i�n�u�e �s�u�r� �l�e
�s�e�g�m�e�n�t [0, 1] , �a�l�o�r�� �e�l�l�e �e�s�t �b�o�r�n�é�e �e�t �a�t�t�e�i�n�t �s�e�� �b�o�r�n�e�� �e�n� �p�a�r�t�i�-
�c�u�l�i�e�r� �i�l �e�x�i�s�t�e c ∈ [0, 1] , f (c) = min

t∈[0,1]
f (t) .P�o�s�o�n�� r =

m
2

> 0 �e�t g �u�n�

�é�l�é�m�e�n�t �d�e E �t�e�l �q�u�e || f − g||∞ <
m
2
, �c'�e�s�t �à� �d�i�r�e :

∀x ∈ [0, 1] , | f (x)− g(x)| < m
2

�c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e : ∀x ∈ [0, 1] , 0 < f (x)− m
2
≤ g(x) �c�e �q�u�i� �p�r�o�u�v�e

�a�l�o�r�� �q�u�e B
(

f ,
m
2

)
⊂ C , �e�t �p�a�r� �s�u�i�t�e C �e�s�t �u�n� �o�u�v�e�r�t �d�e E

E�x�e�r�c�i�c�e :6
O�n� �n�o�t�e �p�a�r� E �l��e�s�p�a�c�e �d�e�� �f�o�n�c�t�i�o�n�� �b�o�r�n�é�e�� �s�u�r� [0, 1] �à� �v�a�-
�l�e�u�r�� �d�a�n�� R �m�u�n�i� �d�e �l�a� �n�o�r�m�e �i�n�f�i�n�i� N∞.
1. M�o�n�t�r�e�r� �q�u�e �l��e�n�s�e�m�b�l�e F = { f ∈ E , f ≥ 0} �n�'�e�s�t �p�a�� �u�n�e

�p�a�r�t�i�e �f�e�r�m�é�e �d�e E

2. M�o�n�t�r�e�r� �q�u�e �l��e�n�s�e�m�b�l�e A =
{

f ∈ E , ∀x ∈ [0, 1] , e f (x) ≥ 2 + f (x)
}

�e�s�t �u�n�e �p�a�r�t�i�e �f�e�r�m�é , �n�o�n� �b�o�r�n�é�e �d�e E

S�o�l�u�t�i�o�n� 6 1. C�o�n�s�i�d�é�r�o�n�� �l��a�p�p�l�i�c�a�t�i�o�n� f : x 7−→ e−x2 , �o�n� �a� f ∈ F

.S�o�i�t r > 0 �e�t g : x 7−→ f (x)− r
2

�c�o�m�m�e �l��a�p�p�l�i�c�a�t�i�o�n� g �t�e�n�d� �v�e�r��
− r

2
�e�n� +∞ , �a�l�o�r�� �a�u� �v�o�i�s�i�n�a�g�e �d�e +∞ �l��a�p�p�l�i�c�a�t�i�o�n� g �e�s�t �s�t�r�i�c-

�t�e�m�e�n�t �n�é�g�a�t�i�v�e �e�t �c�o�m�m�e N∞( f − g) =
r
2

, �a�l�o�r�� g ∈ B( f , r) .C�e�c�i�
�q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e B( f , r) �n�'�e�s�t �p�a�� �i�n�c�l�u�� �d�a�n�� F �c�e �q�u�i�
�p�r�o�u�v�e �q�u�e F �n�'�e�s�t �p�a�� �u�n� �f�e�r�m�é �d�e E

2. N�o�u�� �a�l�l�o�n�� �m�o�n�t�r�e�r� �q�u�e A �e�s�t �u�n�e �p�a�r�t�i�e �f�e�r�m�é�e �d�e E �e�n�
�u�t�i�l�s�a�n�t �l�a� �c�a�r�a�c�t�é�r�i�s�a�t�i�o�n� �s�é�q�u�e�n�t�i�e�l�l�e �d�e�� �p�a�r�t�i�e�� �f�e�r�m�é�e�� .S�o�i�t
( fn)n �u�n�e �s�u�i�t�e �d�'�é�l�é�m�e�n�t�� �d�e A �q�u�i� �c�o�n�v�e�r�g�e �v�e�r�� �u�n�e �a�p�p�l�i�c�a�-
�t�i�o�n� f ∈ E , �m�o�n�t�r�o�n�� �q�u�e f ∈ A.S�o�i�t x ∈ [0, 1] , �o�n� �a�

|| fn(x)− f (x)|| ≤ N∞( fn − f )→ 0

C�e �q�u�i� �p�r�o�u�v�e �a�l�o�r�� �q�u�e fn(x)→ f (x), �c�e�c�i� �d�'�u�n�e �p�a�r�t , �d�'�a�u�t�r�e
�p�a�r�t �o�n� �a� ∀x ∈ [0, 1] , ∀n ∈N , e fn(x) ≥ 2 + fn(x) , �d�o�n�c �p�a�r� �p�a��-
�s�a�g�e �à� �l�a� �l�i�m�i�t�e �e�t �p�a�r� �c�o�n�t�i�n�u�i�t�é �d�e �l��a�p�p�l�i�c�a�t�i�o�n� �e�x�p�o�n�e�n�t�i�e�l�l�e
, �o�n� �a� e f (x) ≥ 2 + f (x), �c�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e f ∈ A �e�t �p�a�r�
�s�u�i�t�e A �e�s�t �u�n�e �p�a�r�t�i�e �f�e�r�m�é �d�e E

R�e�m�a�r�q�u�e : �l�a� �c�o�n�v�e�r�g�e�n�c�e �d�e �l�a� �s�u�i�t�e ( f )n �d�a�n�� E �v�e�r�� �l��a�p�-
�p�l�i�c�a�t�i�o�n� f �v�e�u�t �d�i�r�e �q�u�e �l�a� �s�u�i�t�e �d�e �f�o�n�c�t�i�o�n�� ( fn)n �c�o�n�v�e�r�g�e
�u�n�i�f�o�r�m�é�m�e�n�t �v�e�r�� f �s�u�r� [0, 1] �d�o�n�c �c�o�n�v�e�r�g�e �s�i�m�p�l�e�m�e�n�t �v�e�r��
f �s�u�r� [0, 1], �d�o�n�c �l�e �r�a�i�s�o�n�n�e�m�e�n�t �f�a�i�t �a�v�a�n�t �s�u�p�p�o�s�e �q�u�e �l�a�
�n�o�t�i�o�n� �d�e�� �s�u�i�t�e�� �d�e�� �f�o�n�c�t�i�o�n�� �n�'�e�s�t �p�a�� �e�n�c�o�r�e �é�t�é �a�b�o�r�d�é�e
M�o�n�t�r�o�n�� �m�a�i�n�t�e�n�a�n�t �q�u�e A �n�'�e�s�t �p�a�� �b�o�r�n�é�e .S�o�i�t t ∈ [2,+∞[

, �c�o�n�s�i�d�é�r�o�n�� �l��a�p�p�l�i�c�a�t�i�o�n� ft :

[0, 1]→ R

x 7−→ t
, �e�n� �é�t�u�d�i�a�n�t �l�e��

�v�a�r�i�a�t�i�o�n�� �d�e �l��a�p�p�l�i�c�a�t�i�o�n� t 7−→ et − (2 + t) �s�u�r� [2,+∞[ , �o�n� �a�
∀t ∈ [2,+∞[ , e2 ≥ 2 + t �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e �l��a�p�p�l�i�c�a�t�i�o�n� ft �e�s�t
�u�n� �é�l�é�m�e�n�t �d�e A �e�t �c�o�m�m�e ∀t ∈ [2,+∞[ , || ft|| = |t| = t , �a�l�o�r�� �l�a�
�p�a�r�t�i�e A �n�'�e�s�t �p�a�� �b�o�r�n�é�e

E�x�e�r�c�i�c�e :7
S�o�i�t U �e�t V �d�e�u�x �o�u�v�e�r�t�� �d�e�n�s�e�� �d�'�u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é
E .
1. E�t�a�b�l�i�r� �q�u�e U ∩V �e�s�t �e�n�c�o�r�e �u�n� �o�u�v�e�r�t �d�e�n�s�e �d�e E

2. E�n� �d�é�d�u�i�r�e �q�u�e �l�a� �r�é�u�n�i�o�n� �d�e �d�e�u�x �f�e�r�m�é�� �d�'�i�n�t�é�r�i�e�u�r� �v�i�d�e
�e�s�t �a�u�s�s�i� �d�'�i�n�t�é�r�i�e�u�r� �v�i�d�e

S�o�l�u�t�i�o�n� 7 1. S�o�i�t x ∈ E �e�t O �u�n� �o�u�v�e�r�t �d�e E �c�o�n�t�e�n�a�n�t x .P�u�i�s�q�u�e
U = E , �a�l�o�r�� O ∩U 6= φ.S�o�i�t �a�l�o�r�� y �u�n� �é�l�é�m�e�n�t �d�a�n�� O ∩U ,
�c�o�m�m�e O ∩U �e�s�t �u�n� �o�u�v�e�r�t �d�e E, �c�o�n�t�e�n�a�n�t y �e�t V = E , �a�l�o�r��
(O ∩U) ∩V 6= φ , �c'�e�s�t �à� �d�i�r�e O ∩ (U ∩V) 6= φ �e�t �c�e�c�i� �é�t�a�n�t �v�r�a�i�
�p�o�u�r� �t�o�u�t �o�u�v�e�r�t �d�e E �c�o�n�t�e�n�a�n�t x �c�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e
x ∈ U ∩V �e�t �p�a�r� �s�u�i�t�e U ∩V �e�s�t �d�e�n�s�e �d�a�n�� E

2. R�a�p�p�e�l�o�n�� �q�u�e �s�i� A �e�s�t �u�n�e �p�a�r�t�i�e �d�e E , �a�l�o�r�� CA0

E = CA
E

S�o�i�e�n�t F �e�t G �d�e�u�x �p�a�r�t�i�e�� �d�e E �d�'�i�n�t�é�r�i�e�u�r�e�� �v�i�d�e , �d�o�n�c �p�a�r�
�p�a�s�s�a�g�e �a�u� �c�o�m�p�l�é�m�e�n�t�a�i�r�e �o�n� �a� CF0

E = CG0

E = E �c�e �q�u�i� �e�n�t�r�a�i�n�e
�a�l�o�r�� �q�u�e CF

E ∩ CG
E = E �c'�e�s�t �à� �d�i�r�e �q�u�e CF∪G

E = E �c�e �q�u�i� �e�s�t �é�q�u�i�-
�v�a�l�e�n�t �à� (F ∪ G)0 = φ

E�x�e�r�c�i�c�e :8
1. M�o�n�t�r�e�r� �q�u�e �s�i� A �e�t B �s�o�n�t �d�e�u�x �c�o�m�p�a�c�t�� , �i�l �e�n� �e�s�t

�d�e �m�ê�m�e �d�e A + B.
2. M�o�n�t�r�e�r� �q�u�e �s�i� A �e�s�t �c�o�m�p�a�c�t �e�t B �e�s�t �f�e�r�m�é , A + B �e�s�t

�f�e�r�m�é
3. S�i� �o�n� �a� �s�i�m�p�l�e�m�e�n�t �s�u�p�p�o�s�é �q�u�e A et B �s�o�t �d�e�u�x �f�e�r�m�é��

�d�e E , �l�a� �p�a�r�t�i�e A + B �e�s�t-�e�l�l�e �f�e�r�m�é�e �d�e E

S�o�l�u�t�i�o�n� 8 1. O�n� �a� A �e�t B �s�o�n�t �c�o�m�p�a�c�t�e�� �d�e E �d�o�n�c A× B �e�s�t
�c�o�m�p�a�c�t, �e�t �c�o�m�m�e �l��a�p�p�l�i�c�a�t�i�o�n� (+ : (x, y) 7−→ x + y) �e�s�t �c�o�n�t�i�-
�n�u�e , �a�l�o�r�� �l��i�m�a�g�e �d�u� �c�o�m�p�a�c�t A × B �e�s�t �u�n� �c�o�m�p�a�c�t �c'�e�s�t �à�
�d�i�r�e �q�u�e A + B �e�s�t �c�o�m�p�a�c�t �d�e E

2. S�o�i�t (zn)n �u�n�e �s�u�i�t�e �d�'�é�l�é�m�e�n�t�� �d�e A + B �q�u�i� �c�o�n�v�e�r�g�e �d�e �l�i�m�i�t�e
z ∈ E.P�o�s�o�n�� �p�o�u�r� n ∈ N , zn = an + bn , �a�v�e�c an ∈ A et bn ∈ B

, �c�o�m�m�e A �e�s�t �c�o�m�p�a�c�t , �a�l�o�r�� �i�l �e�x�i�s�t�e �u�n�e �e�x�t�r�a�c�t�r�i�c�e ϕ �d�e
N �t�e�l�l�e �q�u�e aϕ(n) → a ∈ A �e�t �c�o�m�m�e bϕ(n) = zϕ(n) − aϕ(n) , �a�l�o�r��
�l�a� �s�u�i�t�e (bϕ(n))n �e�s�t �c�o�n�v�e�r�g�e�n�t�e �d�e �l�i�m�i�t�e z− a �e�t �c�o�m�m�e B �e�s�t
�f�e�r�m�é , �a�l�o�r�� z − a ∈ B �c'�e�s�t �ò �d�i�r�e �q�u�'�i�l �e�x�i�s�t�e b ∈ B �t�e�l �q�u�e
z− a = b , �d�o�n�c z = a + b ∈ A + B �c�e �q�u�i� �p�r�o�u�v�e �a�l�o�r�� �q�u�e A + B

�e�s�t �f�e�r�m�é�e �d�e E

3. S�i� A �e�t B �s�o�n�t �d�e�u�x �p�a�r�t�i�e�� �f�e�r�m�é�e�� �d�e E , �o�n� �a� �p�a�� �n�é�c�e�s�s�a�i�-
�r�e�m�e�n�t A + B �e�s�t �u�n� �f�e�r�m�é , �e�n� �e�f�f�e�t �p�o�u�r� E = R , ||.|| = |.|
, A = aZ et B = bZ �a�v�e�c a

b
/∈ Q , �a�l�o�r�� �i�l �e�s�t �c�l�a�i�r� �q�u�e A �e�t B �s�o�n�t

�d�e�u�x �f�e�r�m�é�� �d�e R �e�t aZ + bZ �e�s�t �u�n�e �p�a�r�t�i�e �d�e�n�s�e �d�e E (V�o�i�r�
TD �s�u�p�), �d�o�n�c �e�l�l�e �e�s�t �n�'�e�s�t �p�a�� �f�e�r�m�é�e �d�e R

E�x�e�r�c�i�c�e :9.T�h�é�o�r�è�m�e �d�e �f�e�r�m�é�� �e�m�b�o�i�t�é��
S�o�i�t (E, ||.||) �u�n� �e�s�p�a�c�e �d�e B�a�n�a�c�h� �e�t (Fn)n �u�n�e �s�u�i�t�e �d�é�c�r�o�i�s�s�a�n�t�e
�p�o�u�r� �l��i�n�c�l�u�s�i�o�n� �d�e �f�e�r�m�é�� �n�o�n� �v�i�d�e�� �t�e�l�l�e �q�u�e lim

n→∞
δ(Fn) = 0

.M�o�n�t�r�e�r� �q�u�e ⋂
n∈N

Fn �e�s�t �u�n� �s�i�n�g�l�e�t�o�n�

S�o�l�u�t�i�o�n� 9 O�n� �a� δ(Fn) → 0 �d�o�n�c �p�o�u�r� ε > 0 , �i�l �e�x�i�s�t�e n0 ∈ N �t�e�l
�q�u�e ∀n ≥ n0 , δ(Fn) ≤ ε. C�h�o�i�s�i�s�s�o�n�� �p�o�u�r� �c�h�a�q�u�e n �e�n�t�i�e�r� �n�a�t�u�r�e�l
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.- DES CLASSIQUES DE LA TOPOLOGIE DES EVN
MP :1

xn �d�a�n�� Fn .S�o�i�t (n, p) ∈ N2 �t�e�l �q�u�e n ≥ n0 , �a�l�o�r�� �c�o�m�m�e �l�a� �s�u�i�t�e
(Fn)n �e�s�t �d�é�c�r�o�i�s�s�a�n�t�e �a�l�o�r�� �o�n� �a� (xn+p, xn) ∈ F2

n �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e
||xn+p − xn|| ≤ δn ≤ ε �c�e �q�u�i� �p�r�o�u�v�e �a�l�o�r�� �q�u�e �l�a� �s�u�i�t�e (xn)n �e�s�t �d�e
C�a�u�c�h�y �d�e E �q�u�'�e�s�t �u�n� �e�s�p�a�c�e �d�e B�a�n�a�c�h�, �d�o�n�c �e�l�l�e �c�o�n�v�e�r�g�e �v�e�r��
�u�n� �é�l�é�m�e�n�t x �d�e E.M�o�n�t�r�o�n�� �q�u�e ⋂

n∈N

Fn = {x}.S�o�i�t n ∈ N �l�a� �s�u�i�t�e

(xp)p≥n �c�o�n�v�e�r�g�e �d�e �l�i�m�i�t�e x �c�a�r� �l��a�p�p�l�i�c�a�t�i�o�n� ϕ : p 7−→ n + p �e�s�t
�s�t�r�i�c�t�e�m�e�n�t �c�r�o�i�s�s�a�n�t�e �d�e N �d�a�n�� N �e�t (xp)p≥n = (xϕ(p))p .C�o�m�m�e
�l�a� �s�u�i�t�e (Fn)n �e�s�t �d�é�c�r�o�i�s�s�a�n�t�e , �a�l�o�r�� ∀p ≥ n , xp ∈ Fn �e�t �c�o�m�m�e Fn

�e�s�t �u�n� �f�e�r�m�é �d�e E, �a�l�o�r�� x ∈ Fn �e�t �c�e�c�i� �p�o�u�r� �t�o�u�t �e�n�t�i�e�r� n �c�e �q�u�i�
�p�r�o�u�v�e �q�u�e x ∈

⋂
n∈N

Fn

S�o�i�t l ∈
⋂

n∈N

Fn , �a�l�o�r�� ∀n ∈N , l ∈ Fn �e�t �c�o�m�m�e ∀n ∈N , x ∈ Fn ,a�l�o�r��

∀n ≥ n0 , ||x− l|| ≤ δn ≤ ε �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e x = l , �o�n� �c�o�n�c�l�u�t �a�l�o�r��
�q�u�e ⋂

n∈N

Fn = {x}

E�x�e�r�c�i�c�e :10
S�i� (Kn)n �e�s�t �u�n�e �s�u�i�t�e �d�é�c�r�o�i�s�s�a�n�t�e �d�e �p�a�r�t�i�e�� �c�o�m�p�a�c�t�e�� �d�'�u�n�
�e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é (E, ||.||) , �a�l�o�r�� �l��i�n�t�e�r�s�e�c�t�i�o�n� K =

⋂
n∈N

Kn

�e�s�t �u�n� �c�o�m�p�a�c�t �d�e E

S�o�l�u�t�i�o�n� 10 S�o�i�t (xn)n �u�n�e �s�u�i�t�e �d�'�é�l�é�m�e�n�t�� �d�e E �t�e�l�l�e �q�u�e
∀n ∈ N , xn ∈ Kn ,c�o�m�m�e �l�a� �s�u�i�t�e (Kn)n �e�s�t �d�é�c�r�o�i�s�s�a�n�t�e �a�l�o�r�� �l�a�
�s�u�i�t�e (xn)n �e�s�t �u�n�e �s�u�i�t�e �d�u� �c�o�m�p�a�c�t K0,i�l �e�x�i�s�t�e �a�l�o�r�� �u�n�e �e�x�t�r�a�c-
�t�r�i�c�e ϕ �t�e�l�l�e �q�u�e (xϕ(n))n �e�s�t �c�o�n�v�e�r�g�e�n�t�e �d�e �l�i�m�i�t�e c ∈ K0.R�a�p�p�e�l�o�n��
�l��é�q�u�i�v�a�l�e�n�c�e �s�u�i�v�a�n�t�e :

∀A ∈ P(E) , ∀a ∈ E , d(a, A) = 0⇔ a ∈ A

D�o�n�c �c�o�m�m�e Kn �e�s�t �u�n� �f�e�r�m�é , �a�l�o�r�� c ∈ Kn ⇔ d(c, Kn) = 0 .O�r� �p�o�u�r�
�t�o�u�t n ≥ p , ϕ(n) ≥ p, �d�o�n�c d(c, Kp) ≤ ||c− xϕ(n)|| → 0 �c�e �q�u�i� �e�n�t�r�a�i�n�e
�a�l�o�r�� �q�u�e d(c, Kp) = 0 �d�'�o�u� c ∈ Kp �e�t �p�a�r� �s�u�i�t�e ⋂

p∈N

Kp �e�s�t �n�o�n� �v�i�d�e

�e�t �c'�e�s�t �u�n� �f�e�r�m�é �d�e K0 �q�u�'�e�s�t �u�n� �c�o�m�p�a�c�t �d�o�n�c �c'�e�s�t �u�n� �c�o�m�p�a�c�t
�d�e E

E�x�e�r�c�i�c�e :11
S�o�i�e�n�t E �u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l , K �u�n�e �p�a�r�t�i�e �c�o�m�p�a�c�t�e �d�e E ,
(un)n �u�n�e �s�u�i�t�e �d�a�n�� K .M�o�n�t�r�e�r� �q�u�e �s�i� (un)n �n�'�a� �q�u�'�u�n�e �s�e�u�l�e
�v�a�l�e�u�r� �d�'�a�d�h�é�r�e�n�c�e , �a�l�o�r�� (un)n �c�o�n�v�e�r�g�e

S�o�l�u�t�i�o�n� 11 L�a� �s�u�i�t�e (un)n �e�s�t �u�n�e �s�u�i�t�e �d�'�u�n� �c�o�m�p�a�c�t �d�o�n�c �i�l
�e�x�i�s�t�e �u�n�e �e�x�t�r�a�c�t�r�i�c�e ϕ �t�e�l�l�e �q�u�e uϕ(n) �c�o�n�v�e�r�g�e �v�e�r�� a ∈ K .S�u�p�-
�p�o�s�o�n�� �q�u�e (un)n �n�e �c�o�n�v�e�r�g�e �p�a�� �v�e�r�� a , �d�o�n�c :

∃ε > 0 , ∀n0 ∈N , ∃n ≥ n0 et ||un − a|| ≥ ε

O�n� �p�e�u�t �a�l�o�r�� �c�o�n�s�t�r�u�i�r�e �p�a�r� �r�é�c�u�r�r�e�n�c�e �u�n�e �e�x�t�r�a�c�t�r�i�c�e ψ �d�e N

�t�e�l�l�e �q�u�e
(∗) : ∀n ∈N , ||uψ(n) − a|| ≥ ε

L�a� �s�u�i�t�e (uψ(n))n �e�s�t �u�n�e �s�u�i�t�e �d�'�u�n� �c�o�m�p�a�c�t �d�o�n�c �i�l �a�d�m�e�t �u�n�e
�v�a�l�e�u�r� �d�'�a�d�h�é�r�e�n�c�e �e�t �p�a�r� �s�u�i�t�e �i�l �e�x�i�s�t�e �u�n�e �e�x�t�r�a�c�t�r�i�c�e η �d�e N

�t�e�l�l�e �q�u�e (uψoη(n))n �c�o�n�v�e�r�g�e �e�t �c�o�m�m�e �c�e�t�t�e �s�u�i�t�e �e�s�t �a�u�s�s�i� �e�x-
�t�r�a�i�t�e �d�e �l�a� �s�u�i�t�e (un)n , �a�l�o�r�� �e�l�l�e �a�d�m�e�t a �c�o�m�m�e �l�i�m�i�t�e (�c�a�r� a

�c'�e�s�t �l�a� �s�e�u�l�e �v�a�l�e�u�r� �d�'�a�d�h�é�r�e�n�c�e �d�e (un)n) .O�r� �d�'�a�p�r�è�� (∗) , �o�n� �a�
∀n ∈ N , ||uψoη(n) − a| ≥ ε �e�t �p�a�r� �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �o�n� �a� 0 ≥ ε �c�e
�q�u�i� �e�s�t �a�b�s�u�r�d�e.O�n� �c�o�n�c�l�u�t �a�l�o�r�� �q�u�e (un)n �e�s�t �c�o�n�v�e�r�g�e�n�t�e

E�x�e�r�c�i�c�e :12
S�o�i�e�n�t K �e�t L �d�e�u�x �p�a�r�t�i�e�� �c�o�m�p�a�c�t�e�� �d�i�s�j�o�i�n�t�e�� �d�'�u�n� �e�s�p�a�c�e
�v�e�c�t�o�r�i�e�l �n�o�r�m�é .M�o�n�t�r�e�r� �q�u�e d(K, L) > 0

S�o�l�u�t�i�o�n� 12 L'�a�p�p�l�i�c�a�t�i�o�n� f :

K× L→ R

(x, y) 7−→ d(x, y)
�e�s�t 2 -

�l�i�p�s�c�h�i�t�z�i�e�n�n�e , �d�o�n�c �c�o�n�t�i�n�u�e �e�t �c�o�m�m�e K × L �e�s�t �c�o�m�p�a�c�t�e ,a�l�o�r��
f �e�s�t �b�o�r�n�é�e �e�t �a�t�t�e�i�n�t �s�a� �b�o�r�n�e �i�n�f�é�r�i�e�u�r�e �c'�e�s�t �à� �d�i�r�e �i�l �e�x�i�s�t�e
(a, b) ∈ K × L , d(K, L) = d(a, b) .e�t �c�o�m�m�e K ∩ L = φ ,a�l�o�r�� a 6= b �e�t
�p�a�r� �s�u�i�t�e d(a, b) > 0 �c'�e�s�t �à� �d�i�r�e d(K, L) > 0

E�x�e�r�c�i�c�e :13
L'�e�s�p�a�c�e E = C ([0, 1], C) �é�t�a�n�t �n�o�r�m�é �p�a�r�
||.||∞ : f 7−→ sup

t∈[0,1]
| f (t)|.M�o�n�t�r�e�r� �q�u�e �l�a� �s�p�h�è�r�e �u�n�i�t�é �d�e E �n�'�e�s�t

�p�a�� �c�o�m�p�a�c�t�e

S�o�l�u�t�i�o�n� 13 P�o�u�r� �d�é�m�o�n�t�r�e�r� �q�u�e S(0, 1) �n�'�e�s�t �p�a�� �c�o�m�p�a�c�t�e �i�l �s�u�f�f�i�t
�d�'�e�x�h�i�b�e�r� �u�n�e �s�u�i�t�e �d�e �l�a� �s�p�h�è�r�e �u�n�i�t�é �t�e�l�l�e �q�u�e �a�u�c�u�n�e �s�u�i�t�e �e�x�t�r�a�i�t�e
�n�e �p�e�u�t �ê�t�r�e �c�o�n�v�e�r�g�e�n�t�e.C�o�n�s�i�d�é�r�o�n�� �l�a� �s�u�i�t�e �d�e �f�o�n�c�t�i�o�n� ( fn)n �d�é-

�f�i�n�i�e �p�a�r� fn :

[0, 1]→ C

t 7−→ e2inπt

.C�o�m�m�e ∀n ∈N , ∀t ∈ [0, 1] , | fn(t)| = 1 , �a�l�o�r�� ∀n ∈N , fn ∈ S(0, 1).S�o�i�t
(p, q) ∈N2 , �t�e�l �q�u�e p 6= q �o�n� �a :

(∗) : ∀t ∈ [0, 1] , | fp(t)− fq(t)| = 2| sin ((q− p)π.t) | ≤ 2

�e�t �o�n� �a� �é�g�a�l�i�t�é �s�i� t =
1

2|q− p| ∈ [0, 1] �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e || fp− fq||∞ = 2

�e�t �p�a�r� �s�u�i�t�e �a�u�c�u�n�e �s�o�u�� �s�u�i�t�e �d�e ( fn)n �n�e �p�e�u�t �ê�t�r�e �c�o�n�v�e�r�g�e�n�t�e
D�a�n�� (∗) �o�n� �a� �u�t�i�l�i�s�e�r� �l��é�g�a�l�i�t�é

∣∣∣eiα − eiβ
∣∣∣ = 2

∣∣∣∣sin
(

β− α

2

)∣∣∣∣
E�x�e�r�c�i�c�e :14
S�o�i�t f �u�n�e �a�p�p�l�i�c�a�t�i�o�n� �d�e R �d�a�n�� R �c�o�n�t�i�n�u�e �e�t �i�n�j�e�c�t�i�v�e , �o�n�
�s�e �p�r�o�p�o�s�e �d�e �m�o�n�t�r�e�r� �q�u�e f �e�s�t �s�t�r�i�c�t�e�m�e�n�t �m�o�n�o�t�o�n�e �s�u�r� R

1. M�o�n�t�r�e�r� �q�u�e �l��e�n�s�e�m�b�l�e C =
{
(x, y) ∈ R2 / x < y

}
�e�s�t

�c�o�n�n�e�x�e �p�a�r� �a�r�c��
2. S�o�i�t F �l��a�p�p�l�i�c�a�t�i�o�n� �d�é�f�i�n�i�e �s�u�r� R2 �p�a�r� :

∀(x, y) ∈ R2 , F(x, y) = f (x)− f (y)

�a�. M�o�n�t�r�e�r� �q�u�e F �e�s�t �c�o�n�t�i�n�u�e �s�u�r� R2

�b. M�o�n�t�r�e�r� �q�u�e 0 /∈ F(C)

�c. E�n� �d�é�d�u�i�r�e �q�u�e f �e�s�t �s�t�r�i�c�t�e�m�e�n�t �m�o�n�o�t�o�n�e �s�u�r� R

S�o�l�u�t�i�o�n� 14 1. I�l �e�s�t �f�a�c�i�l�e �à� �v�é�r�i�f�i�e�r� �q�u�e �l��e�n�s�e�m�b�l�e C �e�s�t �u�n�e
�p�a�r�t�i�e �c�o�n�v�e�x�e �d�e R2 , �d�o�n�c C �e�s�t �u�n�e �p�a�r�t�i�e �c�o�n�n�e�x�e �p�a�r� �a�r�c��

2. L' �a�p�p�l�i�c�a�t�i�o�n� (x, y) 7−→ f (x) �e�s�t �c�o�n�t�i�n�u�e �s�u�r� R2 �c�o�m�m�e �c�o�m�-
�p�o�s�é �d�e �l��a�p�p�l�i�c�a�t�i�o�n� �c�o�n�t�i�n�u�e (x, y) 7−→ x �e�t f �d�e �m�ê�m�e �l��a�p�-
�p�l�i�c�a�t�i�o�n� (x, y) 7−→ f (y) �e�s�t �c�o�n�t�i�n�u�e �s�u�r� R2. �e�t �p�a�r� �s�u�i�t�e F �e�s�t
�c�o�n�t�i�n�u�e �s�u�r� R2

3. S�i� 0 ∈ F(C) , �a�l�o�r�� �i�l �e�x�i�s�t�e (x, y) ∈ C2 , f (x) = f (y) �e�t �c�o�m�m�e f

�e�s�t �i�n�j�e�c�t�i�v�e , �a�l�o�r�� x = y �c�e �q�u�i� �c�o�n�t�r�e�d�i�t �l�e �f�a�i�t �q�u�e x < y.D�o�n�c
0 /∈ F(C)

4. F �e�s�t �c�o�n�t�i�n�u�e �e�t C �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� , �d�o�n�c F(C) �e�s�t �c�o�n�n�e�x�e
�p�a�r� �a�r�c�� �d�e R , �d�o�n�c �u�n� �i�n�t�e�r�v�a�l�l�e �d�e R �n�e �c�o�n�t�i�e�n�t �p�a�� 0 ,
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�d�o�n�c F(C) ⊂ R∗+ ou F(C) ⊂ R∗− �c�e �q�u�i� �v�e�u�t �d�i�r�e f �e�s�t �s�t�r�i�c�t�e�m�e�n�t
�c�r�o�i�s�s�a�n�t�e �o�u� �s�t�r�i�c�t�e�m�e�n�t �d�é�c�r�o�i�s�s�a�n�t�e �s�u�r� R

E�x�e�r�c�i�c�e :15
1. M�o�n�t�r�e�r� �q�u�e C∗ �e�s�t �c�o�n�n�e�x�e �p�a�r�c��
2. E�n� �d�é�d�u�i�r�e �q�u�e R �e�t C �n�e �s�o�n�t �p�a�� �h�o�m�é�o�m�o�r�p�h�e��
3. M�o�n�t�r�e�r� �q�u�e [0, 1] �e�t U �n�e �s�o�n�t �h�o�m�é�o�m�o�r�p�h�e��

S�o�l�u�t�i�o�n� 15 1. S�o�i�t (z, z′) ∈ (C∗)2 . S�i� ∀t ∈ [0, 1] , tz + (1− t)z′ 6= 0 ,

�a�l�o�r�� �l��a�p�p�l�i�c�a�t�i�o�n� γ :

[0, 1]→ C

t 7−→ tz + (1− t)z′
�e�s�t �u�n� �c�h�e�m�i�n� �c�o�n�t�i�-

�n�u�e �j�o�i�g�n�a�n�t z et z′ �e�t �d�e �s�u�p�p�o�r�t �c�o�n�t�e�n�u� �d�a�n�� C∗

S�i� ∃t0 ∈]0, 1[ , 0 = t0z + (1− t0)z′, �a�l�o�r�� �i�l �e�x�i�s�t�e z′′ �d�a�n�� C∗ �t�e�l
�q�u�e : ∀t ∈ [0, 1] , tz + (1− t)z′′ 6= 0

∀t ∈ [0, 1] , tz′′ + (1− t)z′ 6= 0

I�l �s�u�f�f�i�t �d�e �p�r�e�n�d�r�e z′′ �u�n� �é�l�é�m�e�n�t �d�e �l�a� �s�p�h�è�r�e

S
(

z + z′

2
,
|z− z′|

2

)
.L�e�� �p�o�i�n�t�� z et z′′ �s�o�n�t �c�o�n�n�e�c�t�é�� �d�a�n�� C∗

�e�t z′′ �e�s�t �c�o�n�n�e�c�t�é �a�v�e�c z′ �d�a�n�� C∗ , �d�o�n�c z �e�t z′ �p�e�u�v�e�n�t �ê�t�r�e
�r�e�l�i�é�� �p�a�r� �u�n� �c�h�e�m�i�n� �c�o�n�t�e�n�u� �d�o�n�t �l�e �s�u�p�p�o�r�t �e�s�t �i�n�c�l�u�� �d�a�n��
C∗ , �l�a� �c�o�n�n�e�x�i�t�é �d�e C∗ �e�s�t �p�r�o�u�v�é�e
A�u�t�r�e�m�e�n�t .S�o�i�t z = aeiα et z′ = beiβ �d�e�u�� �é�l�é�m�e�n�t�� �d�e C∗ �a�v�e�c
a > 0 et b > 0, �l��a�p�p�l�i�c�a�t�i�o�n�

f :

[0, 1]→ C∗

t 7−→ [(1− t)a + tb] e(1−t)iα+itβ

E�s�t �u�n�e �a�p�p�l�i�c�a�t�i�o�n� �c�o�n�t�i�n�u�e �s�u�r� [0, 1] �v�é�r�i�f�i�a�n�t
f (0) = z , f (1) = z′ et ∀t ∈ [0, 1] , | f (t)| ∈ [a, b] ⊂ R+

∗

C�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e �l�e �s�u�p�p�o�r�t �d�u� �c�h�e�m�i�n� f �e�s�t �c�o�n�t�e�n�u� �d�a�n��
C∗ �c�e �q�u�i� �p�r�o�u�v�e �l�a� �c�o�n�e�x�i�t�é �p�a�r� �a�r�c�� �d�e C∗.
R�e�m�a�r�q�u�e :C∗ �n�'�e�s�t �p�a�� �é�t�o�i�l�é

2. S�u�p�p�o�s�o�n�� �q�u�'�i�l �e�x�i�s�t�e �u�n� �h�o�m�é�o�m�o�r�p�h�i�s�m�e f �d�e C �d�a�n�� R

, �a�l�o�r�� �c�o�m�m�e C∗ �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c �a�l�o�r�� �s�o�n� �i�m�a�g�e �p�a�r�
f �e�s�t �a�u�s�s�i� �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �à� �s�a�v�o�i�r� R/ { f (0)} �c�e �q�u�i� �e�s�t
�a�b�s�u�r�d�e.D'�o�u� R �e�t C �n�e �s�o�n�t �p�a�� �h�o�m�é�o�m�o�r�p�h�e��

3. L'�a�p�p�l�i�c�a�t�i�o�n� ϕ :

[0, 1]→ U

t 7−→ e2iπt
�e�s�t �c�o�n�t�i�n�u�e , �s�u�r�j�e�c�t�i�v�e �d�o�n�c U

�e�s�t �u�n�e �p�a�r�t�i�e �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �d�e C.I�l �e�s�t �c�l�a�i�r� �q�u�e
ϕ (]0, 1[) = U/ {1} �e�s�t �é�g�a�l�e�m�e�n�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �d�e
C.S�u�p�p�o�s�o�n�� �q�u�e [0, 1] �e�t U �s�o�n�t �h�o�m�é�o�m�o�r�p�h�e�� �e�t �s�o�i�t g

�u�n� �h�o�m�é�o�m�o�r�p�h�i�s�m�e �d�e U �d�a�n�� [0, 1].P�o�s�o�n�� a = g−1
(

1
2

)
�e�t

h : U → [0, 1] �d�é�f�i�n�i�e �p�a�r� ∀z ∈ U , h(z) = g(az) �e�t �c�o�m�m�e
z 7−→ az �e�s�t �u�n� �h�o�m�é�o�m�o�r�p�h�i�s�m�e �d�e U �d�a�n�� U , �a�l�o�r�� h �e�s�t
�u�n� �h�o�m�é�m�o�r�p�h�i�s�m�e �d�e U �d�a�n�� [0, 1] �e�t �p�a�r� �s�u�i�t�e h (U/ {1}) �e�s�t
�u�n�e �p�a�r�t�i�e �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �d�e R , �c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e �c�a�r�
h (U/ {1}) =

[
0,

1
2

[
∪
]

1
2

, 1
]

.O�n� �c�o�n�c�l�u�t �a�l�o�r�� �q�u�e [0, 1] �e�t U �n�e
�s�o�n�t �p�a�� �h�o�m�é�o�m�o�r�p�h�e��

E�x�e�r�c�i�c�e :16
1. S�o�i�t E �u�n� �e�v�n� �d�e �d�i�m�e�n�s�i�o�n� �f�i�n�i�e �s�u�p�é�r�i�e�u�r� �o�u� �e�g�a�l�e `�a� 2

�e�t S �l�a� �s�p�h�é�r�e �u�n�i�t�é�e
�a�. M�o�n�t�r�e�r� �q�u�e E/ {0E} �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c��
�b. D�é�d�u�i�r�e �q�u�e �l�a� �s�p�h�è�r�e �u�n�i�t�é S(0, 1) �e�s�t �c�o�n�n�e�x�e �p�a�r�

�a�r�c.
2. GLn(R) �e�s�t-�i�l �c�o�n�n�e�x�e �p�a�r� �a�r�c��

S�o�l�u�t�i�o�n� 16 1. �a�. O�n� �p�r�o�c�è�d�e �d�e �l�a� �m�ê�m�e �m�a�n�i�è�r�e �q�u�e �l��e�x�e�r�c�i�c�e
(17)

�b. L'�a�p�p�l�i�c�a�t�i�o�n� : f :


E/ {0, } → E

x 7−→ 1
||x|| x

�e�s�t �u�n�e �a�p�p�l�i�c�a�t�i�o�n�

�c�o�n�t�i�n�u�e �c�a�r� �l��a�p�p�l�i�c�a�t�i�o�n� ||.|| �e�s�t �c�o�n�t�i�n�u�e �n�e ��'�a�n�n�u�l�a�n�t
�p�a�� �s�u�r� E {0} �e�t �p�a�r� �s�u�i�t�e f (E/ {0}) = S(0, 1) �e�s�t �c�o�n�n�e�x�e
�p�a�r� �a�r�c��

2. S�i� GLn(R) �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� , �a�l�o�r�� �s�o�n� �i�m�a�g�e �p�a�r� det �e�s�t
�c�o�n�n�e�x�e �p�a�r� �a�r�c�� (�c�a�r� det �e�s�t �c�o�n�t�i�n�u�e) , �c'�e�s�t �à� �d�i�r�e �q�u�e R∗

�e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �c�e �q�u�'�e�s�t �a�b�s�u�r�d�e

E�x�e�r�c�i�c�e :17
S�o�i�t A �u�n�e �p�a�r�t�i�e �c�o�n�n�e�x�e �p�a�r� �a�r�c�� .
1. M�o�n�t�r�e�r� �q�u�e A �n�'�e�s�t �p�a�� �l�a� �r�é�u�n�i�o�n� �d�e �d�e�u�x �o�u�v�e�r�t�� �n�o�n�

�v�i�d�e�� �d�i�s�j�o�i�n�t�� �d�e E

2. M�o�n�t�r�e�r� �q�u�e �l�e�� �s�e�u�l�e�� �p�a�r�t�i�e�� �o�u�v�e�r�t�e�� �e�t �f�e�r�m�é�e�� �r�e�l�a�-
�t�i�v�e�� �à� A �e�s�t φ et A

S�o�l�u�t�i�o�n� 17 1. S�u�p�p�o�s�o�n�� �q�u�'�i�l �e�x�i�s�t�e �d�e�u�x �o�u�v�e�r�t�� θ1 et θ2 �n�o�n�
�v�i�d�e�� �r�e�l�a�t�i�f�� �à� A �e�t �d�i�s�j�o�i�n�t�� �t�e�l�� �q�u�e A = θ1 ∪ θ2.
..C�o�n�s�i�d�é�r�o�n�� �l��a�p�p�l�i�c�a�t�i�o�n� :

f


A→ R

x 7−→

1 si x ∈ θ1

0 si x ∈ θ2

S�o�i�t V �u�n� �o�u�v�e�r�t �d�e R , �m�o�n�t�r�o�n�� �q�u�e f−1(V) �e�s�t �u�n� �o�u�v�e�r�t
�r�e�l�a�t�i�f �à� A

..S�i� 0 /∈ V et 1 /∈ V , �a�l�o�r�� f−1(V) = φ �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e f−1(V)

�e�s�t �u�n� �o�u�v�e�r�t �r�e�l�a�t�i�f �à� A

..S�i� 0 ∈ V et 1 ∈ V , �a�l�o�r�� f−1(V) = A �q�u�'�e�s�t �u�n� �o�u�v�e�r�t �r�e�l�a�t�i�f
�à� A

..S�i� 0 ∈ V et 1 /∈ V , �a�l�o�r�� f−1(V) = θ1 �q�u�'�e�s�t �u�n� �o�u�v�e�r�t �r�e�l�a�t�i�f
�à� A

..S�i� 0 /∈ V et 1 ∈ V , �a�l�o�r�� f−1(V) = θ2 �q�u�'�e�s�t �u�n� �o�u�v�e�r�t �r�e�l�a�t�i�f
�à� A .O�n� �c�o�n�c�l�u�t �a�l�o�r�� �q�u�e f−1(V) �e�s�t �u�n� �o�u�v�e�r�t �r�e�l�a�t�i�f �à� A �e�t
�p�a�r� �s�u�i�t�e f �e�s�t �c�o�n�t�i�n�u�e �s�u�r� A

..C�o�m�m�e A �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �e�t f �e�s�t �c�o�n�t�i�n�u�e , �a�l�o�r��
f (A) �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �d�e R , �d�o�n�c �c'�e�s�t �u�n� �i�n�t�e�r�v�a�l�l�e �d�e
R �c�o�n�t�e�n�a�n�t 0 �e�t 1 , �d�o�n�c �i�l �c�o�n�t�i�e�n�t �a�u�s�s�i� �l�e �s�e�g�m�e�n�t [0, 1] �c�e
�q�u�'�e�s�t �i�m�p�o�s�s�i�b�l�e , �d�o�n�c A �n�e �p�e�u�t �p�a�� �ê�t�r�e �r�é�u�n�i�o�n� �d�'�o�u�v�e�r�t��
�n�o�n� �v�i�d�e�� �r�e�l�a�t�i�f�� �à� A �e�t �d�i�s�j�o�i�n�t��
.. �o�n� �m�o�n�t�r�e �d�e �m�ê�m�e �q�u�e A �n�e �p�e�u�t �p�a�� �ê�t�r�e �r�é�u�n�i�o�n� �d�e
�f�e�r�m�é�� �n�o�n� �v�i�d�e�� �r�e�l�a�t�i�f�� �à� A �e�t �d�i�s�j�o�i�n�t��

2. S�o�i�t B �u�n�e �p�a�r�t�i�e �o�u�v�e�r�t�e �e�t �f�e�r�m�é �r�e�l�a�t�i�f�� �à� A �t�e�l�l�e �q�u�e
A 6= φ et B 6= A .A�l�o�r�� A = B ∪ CB

A , �d�o�n�c A �e�s�t �r�é�u�n�i�o�n� �d�e
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.- DES CLASSIQUES DE LA TOPOLOGIE DES EVN
MP :1

�d�e�u�x �o�u�v�e�r�t�� �r�e�l�a�t�i�f�� �à� A �n�o�n� �v�i�d�e�� �d�i�s�j�o�i�n�t�� �c�e �q�u�'�e�s�t �a�b�s�u�r�d�e
, �d�o�n�c B = A ou B = φ

E�x�e�r�c�i�c�e :18
S�o�i�t A �u�n�e �p�a�r�t�i�e �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �d�e E �e�t f �u�n�e �a�p�p�l�i�c�a�t�i�o�n�
�d�e A �à� �v�a�l�e�u�r�� �d�a�n�� �u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é (F, ||.||F).t�e�l�l�e
�q�u�e f �e�s�t �l�o�c�a�l�e�m�e�n�t �c�o�n�s�t�a�n�t�e , �c'�e�s�t �à� �d�i�r�e

∀a ∈ A , ∃V ∈ VE(a) , ∀x ∈ V ∩ A , f (x) = f (a)

M�o�n�t�r�e�r� �q�u�e f �e�s�t �c�o�n�s�t�a�n�t�e

S�o�l�u�t�i�o�n� 18 C�o�m�m�e f �e�s�t �l�o�c�a�l�e�m�e�n�t �c�o�n�s�t�a�n�t�e , �a�l�o�r�� f �e�s�t �c�o�n�t�i�-
�n�u�e �s�u�r� A.
S�o�i�e�n�t a �u�n� �é�l�é�m�e�n�t �d�e A �e�t X = {x ∈ A , f (x) = f (a)}.I�l ��'�a�g�i�t �d�e
�m�o�n�t�r�e�r� �q�u�e X = A , �c�o�m�m�e A �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� , �a�l�o�r�� �i�l �s�u�f-
�f�i�t �d�e �m�o�n�t�r�e�r� �q�u�e X �e�s�t �u�n� �o�u�v�e�r�t �e�t �f�e�r�m�é �r�e�l�a�t�i�f �à� A.
..S�o�i�t x ∈ X , �c�o�m�m�e f �e�s�t �l�o�c�a�l�e�m�e�n�t �c�o�n�s�t�a�n�t�e , �a�l�o�r�� �i�l �e�x�i�s�t�e
r > 0 , �t�e�l �q�u�e ∀y ∈ A ∩ B(x, r) , f (x) = f (y), �e�t �c�o�m�m�e f (x) = f (a) ,
�a�l�o�r�� A ∩ B(x, r) ⊂ X �c�e �q�u�i� �v�e�u�t �d�i�r�e �q�u�e X �e�s�t �u�n� �o�u�v�e�r�t �r�e�l�a�t�i�f �à�
A

..S�o�i�t (xn)n �u�n�e �s�u�i�t�e �d�'�é�l�é�m�e�n�t�� �d�e X �q�u�i� �c�o�n�v�e�r�g�e �d�e �l�i�m�i�t�e x.
O�n� �a� ∀n ∈N , f (xn) = f (a) �e�t �p�a�r� �c�o�n�t�i�n�u�i�t�é �d�e f , �e�t �p�a�r� �p�a�s�s�a�g�e
�à� �l�a� �l�i�m�i�t�e �o�n� �a� f (x) = f (a) �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e x ∈ X �e�t �p�a�r� �s�u�i�t�e
X �e�s�t �u�n� �f�e�r�m�é �r�e�l�a�t�i�f �à� A .C�o�m�m�e A �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �d�e E

�e�t X �e�s�t �n�o�n� �v�i�d�e �c�a�r� �i�l �c�o�n�t�i�e�n�t a , �a�l�o�r�� X = A

E�x�e�r�c�i�c�e :19
1. O�n� �d�i�t �q�u�'�u�n�e �m�a�t�r�i�c�e A �d�e Mn(R) �e�s�t �o�r�t�h�o�g�o�n�a�l�e �s�i�

t AA = In .L'�e�n�s�e�m�b�l�e �d�e�� �m�a�t�r�i�c�e�� �o�r�t�h�o�g�o�n�a�l�e �e�s�t �n�o�t�é
On(R).
M�o�n�t�r�e�r� �q�u�e On(R) �e�s�t �u�n�e �p�a�r�t�i�e �c�o�m�p�a�c�t�e �d�e Mn(R)

2. O�n� �d�i�t �q�u�'�u�n�e �m�a�t�r�i�c�e M �à� �c�oe�f�f�i�c�i�e�n�t�� �c�o�m�p�l�e�x�e�� �e�s�t �u�n�i�-
�t�a�i�r�e �s�i�
t MM = In.L'�e�n�s�e�m�b�l�e �d�e�� �m�a�t�r�i�c�e�� �u�n�i�t�a�i�r�e�� �e�s�t �n�o�t�é Un(C).
M�o�n�t�r�e�r� �q�u�e Un(C) �e�s�t �u�n�e �p�a�r�t�i�e �c�o�m�p�a�c�t�e �d�e Mn(C)

S�o�l�u�t�i�o�n� 19 C�o�m�m�e Mn(R) �e�s�t �d�e �d�i�m�e�n�s�i�o�n� �f�i�n�i�e , �a�l�o�r�� �l�e��
�n�o�r�m�e�� �s�o�n�t �é�q�u�i�v�a�l�e�n�t�e�� , �o�n� �p�e�u�t �a�l�o�r�� �à� �c�h�a�q�u�e �f�o�i�� �c�h�o�i�s�i�r� �u�n�e
�n�o�r�m�e �c�o�n�v�e�n�a�b�l�e .

1. P�o�u�r� �m�o�n�t�r�e�r� �q�u�e On(R) �e�s�t �c�o�m�p�a�c�t�e �i�l �s�u�f�f�i�t �d�e �m�o�n�t�r�e�r� �q�u�e
On(R) �e�s�t �u�n� �f�e�r�m�é �b�o�r�n�é �d�e Mn(R).S�o�i�t M �u�n�e �m�a�t�r�i�c�e �c�a�r�r�é�e
�d�'�o�r�d�r�e n �à� �c�oe�f�f�i�c�i�e�n�t�� �d�a�n�� R ,a�l�o�r�� �o�n� �a�

M ∈ On(R)⇔t MM = In ⇔ M ∈ f−1 ({In})

A�v�e�c f : M 7−→t MM .L'�a�p�p�l�i�c�a�t�i�o�n� g : M 7−→ (t M, M) �e�s�t �c�o�n�t�i�-
�n�u�e �c�a�r� �s�e�� �c�o�m�p�o�s�a�n�t�e�� �s�o�n�t �l�i�n�é�a�i�r�e�� �e�n� �d�i�m�e�n�s�i�o�n� �f�i�n�i�e .
L'�a�p�p�l�i�c�a�t�i�o�n� h : (A, B) 7−→ AB �e�s�t �c�o�n�t�i�n�u�e �c�a�r� �c'�e�s�t �u�n�e �a�p�p�l�i�-
�c�a�t�i�o�n� �b�i�l�i�n�é�a�i�r�e �e�n� �d�i�m�e�n�s�i�o�n� �f�i�n�i�e , �d�o�n�c f = hog �e�s�t �c�o�n�t�i�n�u�e
�e�t �p�a�r� �s�u�i�t�e On(R) �e�s�t �u�n� �f�e�r�m�é �d�e Mn(R)

O�n� �m�u�n�i� Mn(R) �d�e �l�a� �n�o�r�m�e ||.|| : M 7−→
√

tr (t MM) .S�o�i�t
M ∈ On(R) , �a�l�o�r�� ||M|| = √n ≤ n , �c�e �q�u�i� �m�o�n�t�r�e �a�l�o�r�� �q�u�e
On(R) �e�s�t �u�n� �f�e�r�m�é �b�o�r�n�é �d�o�n�c �c�o�m�p�a�c�t �d�e Mn(R)

2. M�ê�m�e �r�a�i�s�o�n�n�e�m�e�n�t

20
1. M�o�n�t�r�e�r� �q�u�'�u�n� �p�o�l�y�n�o�m�e P �u�n�i�t�a�i�r�e �à� �c�oe�f�f�i�c�i�e�n�t�� �d�a�n�� R

�e�s�t �s�c�i�n�d�é �d�a�n�� R �s�i� �e�t �s�e�u�l�e�m�e�n�t �s�i�
∀z ∈ C , |P(z)| ≥ |Im(z)|deg(P)

2. M�o�n�t�r�e�r� �q�u�e �l��e�n�s�e�m�b�l�e �d�e�� �m�a�t�r�i�c�e �d�i�a�g�o�n�a�l�i�s�a�b�l�e �d�e Mn(C)

�e�s�t �d�e�n�s�e �d�a�n�� Mn(C)

3. S�o�i�t
A =

0 −1

1 0


M�o�n�t�r�e�r� �q�u�e A �n�e �p�e�u�t �p�a�� �ê�t�r�e �l�i�m�i�t�e �d�'�u�n�e �s�u�i�t�e �d�e �m�a�-
�t�r�i�c�e�� �d�i�a�g�o�n�a�l�i�s�a�b�l�e�� �d�a�n�� Mn(R)

S�o�l�u�t�i�o�n� 20 1. (⇒).S�o�i�t P �u�n� �p�o�l�y�n�ô�m�e �u�n�i�t�a�i�r�e �s�c�i�n�d�é �d�a�n�� R ,

�a�l�o�r�� �o�n� �a� P =
r

∏
k=1

(X− λk)
αk �a�v�e�c λk ∈ R et αk ∈N∗. S�o�i�t z ∈ C.O�n�

�a�
|P(z)| =

r

∏
k=1
|z− λk|αk ≥

r

∏
k=1
|Im (z− λk)|αk

C�o�m�m�e λk ∈ R �a�l�o�r�� |Im(z)− λk| = |Im(z)| �e�t �p�a�r� �s�u�i�t�e

|P(z)| ≥
r

∏
k=1
|Im(z)|αk = |Im(z)|

r

∑
k=1

αk
= Im(z)|deg P

(⇐).S�u�p�p�o�s�o�n�� �q�u�e ∀z ∈ C , |P(z)| ≥ |Im(z)|deg P.S�o�i�t α �u�n�e �r�a�-
�c�i�n�e �c�o�m�p�l�e�x�e �d�e P (�s�o�n� �e�x�i�s�t�e�n�c�e �e�s�t �a�s�s�u�r�é�e �p�a�r� D'A�l�e�m�b�e�r�t
), �o�n� �a� :

0 = |P(α)| ≥ |Im(α)|deg P

C�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e Im(α) = 0 �e�t �p�a�r� �s�u�i�t�e α ∈ R �c�e �q�u�i�
�e�n�t�r�a�i�n�e �q�u�e P �e�s�t �s�c�i�n�d�é �s�u�r� R

2. S�o�i�t A �u�n�e �m�a�t�r�i�c�e �c�a�r�r�é�e �d�'�o�r�d�r�e n �à� �c�oe�f�f�i�c�i�e�n�t�� �d�a�n�� C , �c�o�m�m�e
χA �e�s�t �s�c�i�n�d�é �s�u�r� C , �a�l�o�r�� �i�l �e�x�i�s�t�e �u�n�e �m�a�t�r�i�c�e �t�r�i�a�n�g�u�-
�l�a�i�r�e �s�u�p�é�r�i�e�u�r�e T = (ti,j)i,j �e�t �u�n�e �m�a�t�r�i�c�e �i�n�v�e�r�s�i�b�l�e P �t�e�l�l�e��
�q�u�e A = PTP−1 .P�o�s�o�n�� �p�o�u�r� p ∈ N∗ , Tp = (mij)ij �t�e�l�l�e �q�u�e

∀(i, j) ∈ [[1, n]]2 , mij =


tii +

i
p

, si i = j

tij , si i 6= j
.I�l �e�s�t �c�l�a�i�r� �q�u�e �s�i�

�p�o�u�r� (i, j) ∈ [[1, n]]2 �t�e�l �q�u�e tii = tjj , �a�l�o�r�� tii +
i
p
6= tjj +

j
p
.

S�o�i�t �m�a�i�n�t�e�n�a�n�t (i, j) ∈ [[1, n]]2 , tii 6= tjj

�a�l�o�r�� �i�l �e�x�i�s�t�e p0 ∈N , ∀p ≥ p0 , tii +
i
p
6= tjj +

j
p
, �e�n� �e�f�f�e�t �i�l �s�u�f�f�i�t

�d�e �c�h�o�i�s�i�r� p0 �t�e�l �q�u�e ∀p ≥ p0 , p /∈
{

l − k
tkk − tll

, tll 6= tkk

}
�c�e �q�u�i� �e�n�-

�t�r�a�i�n�e �l�a� �s�u�i�t�e (Tp)p≥p0 �e�s�t �u�n�e �s�u�i�t�e �d�e �m�a�t�r�i�c�e�� �d�i�a�g�o�n�a�l�i�s�a�b�l�e��
�d�o�n�t �l�a� �l�i�m�i�t�e �e�s�t T �e�t �c�o�m�m�e �l��a�p�p�l�i�c�a�t�i�o�n� M 7−→ P.MP−1 �e�s�t
�c�o�n�t�i�n�u�e �c�a�r� �l�i�n�é�a�i�r�e �e�n� �d�i�m�e�n�s�i�o�n� �f�i�n�i�e , �a�l�o�r��

(
PTpP−1

)
p≥p0

�e�s�t �u�n�e �s�u�i�t�e �d�e �m�a�t�r�i�c�e�� �d�i�a�g�o�n�a�l�i�s�a�b�l�e�� �q�u�i� �c�o�n�v�e�r�g�e �v�e�r�� A

�d�'�o�u� �l�e �r�é�s�u�l�t�a�t

3. O�n� �s�u�p�p�o�s�e �q�u�'�i�l �e�x�i�s�t�e �u�n�e �s�u�i�t�e �d�e �m�a�t�r�i�c�e�� (Ap)p �d�i�a�g�o�n�a�-
�l�i�s�a�b�l�e�� �d�'�o�r�d�r�e 2 �q�u�i� �c�o�n�v�e�r�g�e �v�e�r�� A.O�n� �a� ∀p ∈ N , χAp �e�s�t
�s�c�i�n�d�é �s�u�r� R , �d�o�n�c
(∗) : ∀z ∈ C , |χA(z)| ≥ |Im(z)|2 �e�t �c�o�m�m�e �l��a�p�p�l�i�c�a�t�i�o�n� M 7−→ χM

�e�s�t �c�o�n�t�i�n�u�e , �a�l�o�r�� �p�a�r� �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �d�a�n�� (∗) , �o�n� �a�
∀z ∈ C , |χA(z)| ≥ |Im(z)|2 �c'�e�s�t �à� �d�i�r�e �q�u�e χA �e�s�t �s�c�i�n�d�é �c�e �q�u�'�e�s�t
�a�b�s�u�r�d�e �c�a�r� χA = X2 + 1 , �d�o�n�c A �n�e �p�e�u�t �p�a�� �ê�t�r�e �l�i�m�i�t�e �d�'�u�n�e
�s�u�i�t�e �d�e �m�a�t�r�i�c�e�� �d�i�a�g�o�n�a�l�i�s�a�b�l�e�� �d�a�n�� M2(R)

R�e�m�a�r�q�u�e.O�n� �p�e�u�t ,e�n� ��'�i�n�s�p�i�r�a�n�t �d�e �l�a� �d�e�u�x�i�è�m�e �q�u�e�s�t�i�o�n�
,d�é�m�o�n�t�r�e�r� �q�u�e �l��a�d�h�é�r�e�n�c�e �d�e �l��e�n�s�e�m�b�l�e �d�e�� �m�a�t�r�i�c�e�� �d�i�a�g�o�n�a�l�i�-
�s�a�b�l�e�� �d�a�n�� Mn(R) �e�s�t �l��e�n�s�e�m�b�l�e �d�e�� �m�a�t�r�i�c�e�� �t�r�i�g�o�n�a�l�i�s�a�b�l�e��
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�d�a�n�� Mn(R)

21
S�o�i�e�n�t n ∈N∗ �e�t (a1, . . . , an) �d�e�� �n�o�m�b�r�e�� �c�o�m�p�l�e�x�e�� �d�i�s�t�i�n�c�t��
1. M�o�n�t�r�e�r� �q�u�e C/ {a1, . . . , an} �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c��
2. S�o�i�e�n�t A , B �d�e�u�x �m�a�t�r�i�c�e�� �i�n�v�e�r�s�i�b�l�e�� �e�t z ∈ C , �o�n� �p�o�s�e

M(z) = (1− z)A + zB �etP(z) = det M(z)

�a�. V�é�r�i�f�i�e�r� �q�u�e P �a� �u�n� �n�o�m�b�r�e �f�i�n�i� �d�e �r�a�c�i�n�e�� , �n�o�t�o�n��
�l�e�� z1, . . . , zp

�b. M�o�n�t�r�e�r� �q�u�'�i�l �e�x�i�s�t�e �u�n� �a�r�c �d�e C/
{

z1, . . . , zp
} �j�o�i�g�n�a�n�t

0 �e�t 1

3. E�n� �d�é�d�u�i�r�e �q�u�e G ln(C) �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c��

S�o�l�u�t�i�o�n� 21 1. S�o�i�t (z, z′) ∈ (C/ {a1, . . . , an})2 .S�i� �l�e �s�e�g�m�e�n�t �d�'�e�x-
�t�r�é�m�i�t�é�� z et z′ �n�e �c�o�n�t�i�e�n�t �a�u�c�u�n� �d�e�� ai , �a�l�o�r�� �l�e �c�h�e�m�i�n�

γ :

[0, 1]→ C/ {a1, . . . , an}

t 7−→ tz + (1− t)z
�e�s�t �u�n� �c�h�e�m�i�n� �j�o�i�g�n�a�n�t z et z′ �e�t

�d�e �s�u�p�p�o�r�t �c�o�n�t�e�n�u� �d�a�n�� C/ {a1, . . . , an}

S�i� �l�e �s�e�g�m�e�n�t �d�'�e�x�t�r�é�m�i�t�é�� z et z′ �c�o�n�t�i�n�e�n�t �a�u� �m�o�i�n�� �u�n� �é�l�é�m�e�n�t
�d�e {a1, . . . , an} , �a�l�o�r�� �c�o�m�m�e �c�e �d�e�r�n�i�e�r� �e�n�s�e�m�b�l�e �e�s�t �f�i�n�i� �a�l�o�r�� �i�l
�e�x�i�s�t�e �u�n� �c�o�m�p�l�e�x�e z′′ �t�e�l �q�u�e �l�e�� �s�e�g�m�e�n�t�� �d�'�e�x�t�r�é�m�i�t�é�� z et z′′

�e�t �l�e �s�e�g�m�e�n�t �d�'�e�x�t�r�é�m�i�t�é�� z′ et z′′ �n�e �c�o�n�t�i�e�n�t �a�u�c�u�n� �é�l�é�m�e�n�t
�d�e {a1, . . . , an} �d�o�n�c �d�'�a�p�r�è�� �l�e �p�r�e�m�i�e�r� �c�a�� �o�n� �p�e�u�t �l�i�e�r� z et z′′

(�r�e�s�p�e�c�t�i�v�e�m�e�n�t z′ et z′′) �p�a�r� �u�n� �c�h�e�m�i�n� �c�o�n�t�i�n�u�e �i�n�c�l�u�� �d�a�n��
C/ {a1, . . . , an} �c�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e z �e�t z′ �s�o�n�t �c�o�n�n�e�c�t�é��
�d�a�n�� C/ {a1, . . . , an}, �d�'�o�u� �l�e �r�é�s�u�l�t�a�t

2. O�n� �p�o�s�e A = (aij)ij �e�t B = (bij)ij , �s�o�i�t z ∈ C , �a�l�o�r�� �o�n� �a�
M(z) =

(
(1− z)aij + zbij

)
i,j �e�t �p�a�r� �s�u�i�t�e

P(z) = ∑
σ∈Sn

ε(σ)
n

∏
k=1

(
(1− z)aiσ(i) + zbiσ(i)

)
= ∑

σ∈Sn

ε(σ)
n

∏
k=1

(
aiσ(i) − z(aiσ(i) − biσ(i))

)
C�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e P(z) �e�s�t �u�n�e �f�o�n�c�t�i�o�n� �p�o�l�y�n�ô�m�i�a�l�e �e�n� z

�d�e �d�e�g�r�é �i�n�f�é�r�i�e�u�r�e �o�u� �é�g�a�l�e �à� n �e�t �c�o�m�m�e P(0) = det(A) 6= 0 ,
�a�l�o�r�� P �e�s�t �u�n� �p�o�l�y�n�ô�m�e �n�o�n� �n�u�l �d�o�n�c �a�d�m�e�t �u�n� �n�o�m�b�r�e �f�i�n�i�
�d�e �r�a�c�i�n�e��

3. C�o�m�m�e P(0) = det(A) 6= 0 et P(1) = det(B) 6= 0 �d�o�n�c �l�e�� �r�é�e�l�� 0 et 1

�n�e �s�o�n�t �p�a�� �d�e�� �r�a�c�i�n�e�� �d�e P �d�o�n�c (0, 1) ∈ (C/ {z1, . . . , zn})2 �d�o�n�c
�o�n� �p�e�u�t �r�e�l�i�e�r� 0 �e�t 1 �p�a�r� �u�n� �c�h�e�m�i�n� ρ �c�o�n�t�i�n�u�e �c�o�n�t�e�n�u� �d�a�n��
C/ {z1, . . . , zn}

4. L'�a�p�p�l�i�c�a�t�i�o�n�

γ :

[0, 1]→ GLn(C)

t 7−→ (1− ρ(t))A + ρ(t)B

�s�e�t �u�n� �c�h�e�m�i�n� �c�o�n�t�i�n�u� �c�o�n�t�e�n�u� �d�a�n�� GLn(C) �c�e �q�u�i� �p�r�o�u�v�e �q�u�e
GLn(C) �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c��

E�x�e�r�c�i�c�e :22.D�i�a�g�o�n�a�l�i�s�a�t�i�o�n� �d�e�� �é�l�é�m�e�n�t�� �d�'�u�n�
�s�o�u�� �g�r�o�u�p�e �d�e G ln(K)

S�o�i�t G �u�n� �s�o�u�� �g�r�o�u�p�e �d�e GLn(C) .
1. M�o�n�t�r�e�r� �q�u�e �s�i� G �e�s�t �f�i�n�i� �a�l�o�r�� �t�o�u�� �s�e�� �é�l�é�m�e�n�t�� �s�o�n�t

�d�i�a�g�o�n�a�l�i�s�a�b�l�e�� (U�t�i�l�i�s�e�r� �l�e �t�h�é�o�r�è�m�e �d�e L�a�g�r�a�n�g�e �v�u�e �d�a�n��
�l�a� F�i�c�h�e 3)

2. D�a�n�� �c�e�t�t�e �q�u�e�s�t�i�o�n� ,o�n� �s�u�p�p�o�s�e �q�u�e G �e�s�t �b�o�r�n�é .
2.1 M�o�n�t�r�e�r� �q�u�e :

∀A ∈ G , ∀λ ∈ SpC(A) , |λ| = 1

2.2 M�o�n�t�r�e�r� �q�u�e �t�o�u�t �é�l�é�m�e�n�t �d�e G �e�s�t �d�i�a�g�o�n�a�l�i�s�a�b�l�e��
3. D�a�n�� �c�e�t�t�e �q�u�e�s�t�i�o�n� �o�n� �s�u�p�p�o�s�e �q�u�e {tr(A) , A ∈ G} �e�s�t

�f�i�n�i� �e�t �q�u�e
Mn(C) = Vect(G) .M�o�n�t�r�e�r� �q�u�e �t�o�u�t �é�l�é�m�e�n�t�� �d�e G �e�s�t �d�i�a�-
�g�o�n�a�l�i�s�a�b�l�e .

I �n�d�i�c�a�t�i�o�n� :M�o�n�t�r�e�r� �q�u�e �l��a�p�p�l�i�c�a�t�i�o�n�

N :


Mn(C) −→ R+

A 7−→ sup
X∈G

(|tr(AX)|)

�e�s�t �u�n�e �n�o�r�m�e �s�u�r� Mn(C)�e�t �a�p�p�l�i�q�u�e�r� 2

S�o�l�u�t�i�o�n� 22 Mn(C) �e�s�t �d�e �d�i�m�e�n�s�i�o�n� �f�i�n�i�e , �d�o�n�c �s�e�� �n�o�r�m�e�� �s�o�n�t
�é�q�u�i�v�a�l�e�n�t�e�� , �o�n� �m�u�n�i� �a�l�o�r�� Mn(C) �d�e �l�a� �n�o�r�m�e �s�u�b�o�r�d�o�n�n�é�e �a�s�s�o-
�c�i�é�e �à� �l�a� �n�o�r�m�e �i�n�f�i�n�i�e �d�e Cn

1. P�o�s�o�n�� r = cardG , �a�l�o�r�� �d�'�a�p�r�è�� �l�e �t�h�é�o�r�è�m�e �d�e L�a�g�r�a�n�g�e �v�u�e
�e�n� TD �d�'�a�r�i�t�h�m�é�t�i�q�u�e �d�e�� �e�n�t�i�e�r�� �e�t �d�e�� �p�o�l�y�n�ô�m�e�� , �a�l�o�r�� �o�n� �a�
∀A ∈ G , Ar = In , �c�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e �l�e �p�o�l�y�n�ô�m�e Xr − 1

�e�s�t �u�n� �p�o�l�y�n�ô�m�e �a�n�u�l�a�t�e�u�r� �d�e �t�o�u�t �é�l�é�m�e�n�t �d�e G �e�t �c�o�m�m�e �i�l
�e�s�t �s�c�i�n�d�é �à� �r�a�c�i�n�e�� �s�i�m�p�l�e�� �d�a�n�� C , �a�l�o�r�� �t�o�u�t �é�l�é�m�e�n�t �d�e G

�e�s�t �d�i�a�g�o�n�a�l�i�s�a�b�l�e
2. O�n� �s�u�p�p�o�s�e �q�u�e G �e�s�t �b�o�r�n�é�e , �a�l�o�r��

∃γ ∈ R∗ , ∀M ∈ G , |||M||| ≤ γ

S�o�i�t A �u�n� �é�l�é�m�e�n�t �d�e G �e�t λ ∈ S p(A) ,e�t �s�o�i�t
X ∈ Mn,1(C) , ||X||∞ = 1 , AX = λ.X

P�a�r� �u�n�e �r�é�c�u�r�r�e�n�c�e �f�a�c�i�l�e ( C'�e�s�t �à� �f�a�i�r�e) �o�n� �a�
∀p ∈N∗ , Ap = λp.X �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e
|λp|.||X||∞ = |λp| = ||Ap.X||∞ ≤ |||Ap|||.||X||∞ = |||Ap||| ≤ γ

C�e �q�u�i� �p�r�o�u�v�e �a�l�o�r�� �q�u�e �l�a� �s�u�i�t�e (λp)p �e�s�t �b�o�r�n�é�e �e�t �c�e�c�i� �n�'�a�
�l�i�e�u� �q�u�e �s�i� |λ| ≤ 1.
..O�n� �a� �d�é�j�a� �f�a�i�t �d�a�n�� �l�e �c�o�u�r�� �d�e �l�a� �r�é�d�u�c�t�i�o�n� �q�u�e �l�a� �v�a�l�e�u�r�
�p�r�o�p�r�e λ �e�s�t �n�o�n� �n�u�l�l�e �e�t �q�u�e 1

λ
�e�s�t �u�n�e �v�a�l�e�u�r� �p�r�o�p�r�e �d�e �l�a�

�m�a�t�r�i�c�e A−1 , �d�o�n�c �e�n� �r�e�p�r�e�n�a�n�t �l�e �r�a�i�s�o�n�n�e�m�e�n�t �p�r�é�c�è�d�e�n�t �e�n�
�r�e�m�p�l�a�ç�a�n�t A �p�a�r� A1 , �o�n� �a�u�r�a�

∣∣∣∣ 1
λ

∣∣∣∣ ≤ 1 �c�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r��
�q�u�e |λ| = 1

3. S�o�i�t A �u�n� �é�l�é�m�e�n�t �d�e G .C�o�n�s�i�d�é�r�o�n�� �l��e�n�d�o�m�o�r�p�h�i�s�m�e �d�e Cn ,
�c�a�n�o�n�i�q�u�e�m�e�n�t �a�s�s�o�c�i�é �à� A.P�o�u�r� �m�o�n�t�r�e�r� �q�u�e u �e�s�t �d�i�a�g�o�n�a�l�i�s�a�b�l�e
�i�l �s�u�f�f�i�t �d�e �m�o�n�t�r�e�r� �q�u�e ker (u− λ.idCn) = ker (u− λ.idCn)2 (V�o�i�r�
�l��e�x�e�r�c�i�c�e (9) �d�e �l�a� �f�i�c�h�e �d�e�� �g�r�a�n�d�� �c�l�a�s�s�i�q�u�e �d�e �l�a� �r�é�d�u�c�t�i�o�n�
).O�n� �s�a�i�t �q�u�e

ker (u− λ.idCn) ⊂ ker (u− λ.idCn)2

S�u�p�p�o�s�o�n�� �q�u�'�o�n� �a� �p�a�� �l��a�u�t�r�e �i�n�c�l�u�s�i�o�n� , �a�l�o�r�� :
∃x ∈ ker (u− λ.idCn)2 , x /∈ ker (u− λ.idCn)

L�e �v�e�c�t�e�u�r� y = u(x)− λ.x �e�s�t �u�n� �v�e�c�t�e�u�r� �p�r�o�p�r�e �d�e u �a�s�s�o�c�i�é �à�
�l�a� �v�a�l�e�u�r� �p�r�o�p�r�e λ .O�n� �a� u(x) = y + λ.y , �p�a�r� �u�n�e �r�é�c�u�r�r�e�n�c�e

MP :1 Page :6 ) : hfa.ahmed@yahoo.fr
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�f�a�c�i�l�e (�m�a�i�� �à� �f�a�i�r�e) ,o�n� �m�o�n�t�r�e �q�u�e :
∀p ∈N∗ , up(x) = pλp−1.y + λp.x

C�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e pλp−1.y = up(x)− λp.x �e�t �p�a�r� �s�u�i�t�e �o�n�
�a� ||pλp−1.y|| = ||up(x)− λp.x||, �c'�e�s�t �à� �d�i�r�e �q�u�e
p||y|| ≤ ||up(x)||+ ||x||, �d�'�o�u� p||y|| ≤ (||up||+ 1) ||x||�e�t �c�o�m�m�e y �e�s�t
�n�o�n� �n�u�l , �a�l�o�r�� �o�n� �a�

∀p ∈N , p ≤ (1 + ||up||) ||x||||y||
�c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e �c�a�r� N �n�'�e�s�t �p�a�� �m�a�j�o�r�é , �o�n� �c�o�n�c�l�u�t �a�l�o�r��
�q�u�e
ker(u − λ.idE)

2 = ker(u − λ.idE) �c�e �q�u�i� �v�e�u�t �d�i�r�e �q�u�e �l�a� �v�a�l�e�u�r�
�p�r�o�p�r�e λ �e�s�t �u�n�e �r�a�c�i�n�e �s�i�m�p�l�e �d�u� �p�o�l�y�n�ô�m�e �m�i�n�i�m�a�l �d�e u (V�o�i�r�
�l��e�x�e�r�c�i�c�e (9) �f�i�c�h�e �d�e�� �g�r�a�n�d�� �c�l�a�s�s�i�q�u�e �d�e �l�a� �r�é�d�u�c�t�i�o�n�) , �c�e �q�u�i�
�p�r�o�u�v�e �a�l�o�r�� �l�a� �d�i�a�g�o�n�a�l�i�s�a�b�i�l�i�t�é �d�e u

E�x�e�r�c�i�c�e :23
A�p�p�l�i�c�a�t�i�o�n� �c�o�n�t�r�a�c�t�a�n�t�e
S�o�i�t (E, ||.||) �u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é �c�o�m�p�l�e�t , f �u�n�e �a�p�-
�p�l�i�c�a�t�i�o�n� �d�e E �d�a�n�� E, a �u�n� �é�l�é�m�e�n�t �d�e E �e�t (xn)n �l�a� �s�u�i�t�e
�d�'�é�l�é�m�e�n�t�� �d�e E �d�é�f�i�n�i�e �p�a�r�

x0 = a et xn+1 = f (xn)

1. O�n� �s�u�p�p�o�s�e �d�a�n�� �c�e�t�t�e �q�u�e�s�t�i�o�n� �q�u�e f �e�s�t �c�o�n�t�r�a�c�t�a�n�t�e .
�a�. M�o�n�t�r�e�r� �q�u�e �l�a� �s�u�i�t�e (xn)n �e�s�t �c�o�n�v�e�r�g�e�n�t�e
�b. E�n� �d�é�d�u�i�r�e �q�u�e f �a�d�m�e�t �u�n� �u�n�i�q�u�e �p�o�i�n�t �f�i�x�e

2. D�a�n�� �c�e�t�t�e �q�u�e�s�t�i�o�n� , �o�n� �s�u�p�p�o�s�e �q�u�'�i�l �e�x�i�s�t�e �u�n� �e�n�t�i�e�r�
�n�a�t�u�r�e�l �n�o�n� �n�u�l p �t�e�l �q�u�e f p = f o f o . . . o f︸ ︷︷ ︸

p f ois

�e�s�t �c�o�n�t�r�a�c�t�a�n�t�e

.M�o�n�t�r�e�r� �q�u�e f �a�d�m�e�t �u�n� �p�o�i�n�t �f�i�x�e

S�o�l�u�t�i�o�n� 23 1. O�n� �s�u�p�p�o�s�e �q�u�e f �e�s�t �c�o�n�t�r�a�c�t�a�n�t�e
..S�o�i�t n ∈N∗ .O�n� �a� :

||xn+1 − xn|| = || f (xn)− f (xn−1)|| ≤ k||xn − xn−1||

P�a�r� �u�n�e �r�é�c�u�r�r�e�n�c�e �f�a�c�i�l�e �o�n� �a�
∀n ∈N , ||xn+1 − xn|| ≤ kn||x1 − x0||

.O�n� �a� �a�l�o�r�� �p�o�u�r� �t�o�u�t �e�n�t�i�e�r� �n�a�t�u�r�e�l p :

||xn+p− xn|| ≤
p

∑
i=1
||xn+i− xn+i−1|| ≤

(
p−1

∑
i=0

kn+i

)
||x1− x0|| ≤

kp

1− k
||x1− x0||

C�e �d�é�r�n�i�e�r� �t�e�r�m�e �t�e�n�d� �v�e�r�� 0 �q�u�a�n�d� p �t�e�n�d� �v�e�r�� +∞ �c�a�r�
0 ≤ k < 1 �e�t �p�a�r� �s�u�i�t�e :

∀ε > 0 , ∃p0 ∈N , ∀p ≥ p0 ,
∣∣∣∣ kp

1− k

∣∣∣∣ ≤ ε

C�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e
∀p ≥ p0 , ||xn+p − xn|| ≤ ε

C�e �q�u�i� �v�e�u�t �d�i�r�e �q�u�e �l�a� �s�u�i�t�e (xn)n �e�s�t �d�e C�a�u�c�h�y �e�t �c�o�m�m�e E

�e�s�t �u�n� �e�s�p�a�c�e �d�e B�a�n�a�c�h� , �a�l�o�r�� �l�a� �s�u�i�t�e (xn)n �e�s�t �c�o�n�v�e�r�g�e�n�t�e
�d�e �l�i�m�i�t�e x ∈ E .
..C�o�m�m�e �l��a�p�p�l�i�c�a�t�i�o�n� f �e�s�t �l�i�p�s�c�h�i�t�z�i�e�n�n�e , �a�l�o�r�� �e�l�l�e �e�s�t �c�o�n�t�i�-
�n�u�e �e�t �p�a�r� �s�u�i�t�e �d�'�a�p�r�è�� �l�a� �c�a�r�a�c�t�é�r�i�s�a�t�i�o�n� �s�é�q�u�e�n�t�i�e�l�l�e �d�e �l�a�
�c�o�n�t�i�n�u�i�t�é , �o�n� �a� f (x) = x �d�'�o�u� �l��e�x�i�s�t�e�n�c�e �d�'�u�n� �p�o�i�n�t �f�i�x�e �p�o�u�r�
f

..S�u�p�p�o�s�o�n�� �l��e�x�i�s�t�e�n�c�e �d�e �d�e�u�x �p�o�i�n�t�� �f�i�x�e�� , x et y �d�e f , �a�l�o�r��
|| f (x)− f (y)|| ≤ k||x− y||,c'�e�s�t �à� �d�i�r�e ||x− y|| ≤ k||x− y|| �e�t �c�o�m�m�e
k < 1 , �a�l�o�r�� x = y

2. S�o�i�t p �u�n� �e�n�t�i�e�r� �n�a�t�u�r�e�l �n�o�n� �n�u�l �t�e�l �q�u�e f p �e�s�t �c�o�n�t�r�a�c�t�a�n�t�e
�d�e �r�a�p�p�o�r�t k ∈ [0, 1[ .D'�a�p�r�è�� �l�a� �q�u�e�s�t�i�o�n� 1 , �t�o�u�t�e �a�p�p�l�i�c�a�-
�t�i�o�n� �c�o�n�t�r�a�c�t�a�n�t�e �a�d�m�e�t �u�n� �u�n�i�q�u�e �p�o�i�n�t �f�i�x�e �d�o�n�c �i�l �e�x�i�s�t�e �u�n�

�u�n�i�q�u�e x ∈ E �t�e�l �q�u�e f p(x) = x.O�n� �a�
|| f p ( f (x))− f p(x)|| ≤ k|| f (x)− x||

C'�e�s�t �à� �d�i�r�e �q�u�e
|| f ( f p(x))− f p(x)|| = || f (x)− x|| ≤ k|| f (x)− x||

E �c�o�m�m�e k < 1 , �a�l�o�r�� f (x) = x.D'�o�u� �l�e �r�é�s�u�l�t�a�t.
..O�n� �p�e�u�t �a�u�s�s�i� �r�e�m�a�r�q�u�e�r� �q�u�e f p ( f (x)) = f ( f p(x)) = f (x) �c�e
�q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e f (x) �e�s�t �a�u�s�s�i� �u�n� �p�o�i�n�t �f�i�x�e �d�e f p �p�a�r�
�u�n�i�c�i�t�é �o�n� �a� �a�l�o�r�� f (x) = x �c�e �q�u�'�i�l �f�a�l�l�a�i�t �d�é�m�o�n�t�r�e�r�

E�x�e�r�c�i�c�e :24
S�o�i�e�n�t (E, ||.||) �u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é , K �u�n�e �p�a�r�t�i�e �c�o�m�-
�p�a�c�t�e �e�t �c�o�n�v�e�x�e �d�e E �e�t f �u�n�e �a�p�p�l�i�c�a�t�i�o�n� 1- �l�i�p�c�h�i�t�z�i�e�n�n�e �d�e
K �d�a�n�� K

1. S�o�i�e�n�t a �u�n� �é�l�é�m�e�n�t �d�e K �e�t n �u�n� �e�n�t�i�e�r� �n�a�t�u�r�e�l �n�o�n� �n�u�l
.S�o�i�t fn �l��a�p�p�l�i�c�a�t�i�o�n� �d�e K �d�a�n�� K �d�é�f�i�n�i�e �p�a�r�

∀x ∈ K , fn(x) =
1
n

a +
(

1− 1
n

)
f (x)

M�o�n�t�r�e�r� �q�u�e �l��a�p�p�l�i�c�a�t�i�o�n� fn �a�d�m�e�t �u�n� �u�n�i�q�u�e �p�o�i�n�t �f�i�x�e
αn

2. E�n� �d�é�d�u�i�r�e �q�u�e f �a�d�m�e�t �u�n� �p�o�i�n�t �f�i�x�e

S�o�l�u�t�i�o�n� 24 1. S�o�i�t n ∈N∗ �e�t a ∈ K

..S�o�i�t x ∈ K .P�u�i�s�q�u�e K �e�s�t �c�o�n�v�e�x�e �e f (K) ⊂ K , �a�l�o�r�� �l�e �v�e�c-
�t�e�u�r :

fn(x) =
a
n
+

(
1− 1

n

)
f (x)

�e�s�t �u�n� �é�l�é�m�e�n�t �d�e K �c�e �q�u�i� �e�n�r�t�r�â�i�n�e �a�l�o�r�� �q�u�e fn(K) ⊂ K

..P�o�u�r� �t�o�u�t (x, y) ∈ K2, �o�n� �a�
|| fn(x)− fn(y)|| =

(
1− 1

n

)
||x− y||

C�e �q�u�i� �m�o�n�t�r�e �a�l�o�r�� �q�u�e �l��a�p�p�l�i�c�a�t�i�o�n� fn �e�s�t �c�o�n�t�r�a�c�t�a�n�t�e �s�u�r� K

�d�o�n�c �d�'�a�p�r�è�� �l��e�x�e�r�c�i�c�e (23) , �e�l�l�e �a�d�m�e�t �u�n� �p�o�i�n�t �f�i�x�e xn �d�a�n��
K , �o�n� �a�

(∗) : xn =
a
n
+

(
1− 1

n

)
f (xn)

2. C�o�m�m�e K �e�s�t �c�o�m�p�a�c�t , �a�l�o�r�� �i�l �e�x�i�s�t�e �u�n�e �e�x�t�r�a�c�t�r�i�c�e ϕ �d�e N

�t�e�l�l�e �q�u�e
(

xϕ(n)

)
n

�c�o�n�v�e�r�g�e �v�e�r�� �u�n� �é�l�é�m�e�n�t x �d�e K. D'�a�p�r�è�� �l�a�
�r�e�l�a�t�i�o�n� (∗) , �o�n� �a� :

∀n ∈N , xϕ(n) =
a

ϕ(n)
+

(
1− 1

ϕ(n)

)
f
(

xϕ(n)

)
E�t �c�o�m�m�e f �e�s�t �c�o�n�t�i�n�u�e , �a�l�o�r�� �p�a�r� �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �o�n� �a�
f (x) = x , �d�'�o�u� �l��e�x�i�s�t�e�n�c�e �d�'�u�n� �p�o�i�n�t �f�i�x�e �d�e f

E�x�e�r�c�i�c�e :25
S�o�i�e�n�t K �u�n�e �p�a�r�t�i�e �c�o�m�p�a�c�t�e �d�'�u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é
(E, ||.||) �e�t f �u�n�e �a�p�p�l�i�c�a�t�i�o�n� �d�e K �d�a�n�� K �t�e�l�l�e �q�u�e :

(∗) : ∀(x, y) ∈ K2 , x 6= y⇒ || f (x)− f (y)|| < ||x− y||

1. M�o�n�t�r�e�r� �q�u�e f �a�d�m�e�t �u�n� �u�n�i�q�u�e �p�o�i�n�t �f�i�x�e �n�o�t�é α

2. S�o�i�t a �u�n� �p�o�i�n�t �q�u�e�l�c�o�n�q�u�e �d�e K �e�t (xn)n �u�n�e �s�u�i�t�e �d�e K

�d�é�f�i�n�i�e �p�a�r� :
∀n ∈N , xn+1 = f (xn)

O�n� �s�e �p�r�o�p�o�s�e �d�e �m�o�n�t�r�e�r� �q�u�e �l�a� �s�u�i�t�e (xn)n �e�s�t �c�o�n�v�e�r�-
�g�e�n�t�e �d�e �l�i�m�i�t�e α.P�o�u�r� �c�e�l�a� , �p�o�s�o�n�� �p�o�u�r�
n ∈ N , un = ||xn − α||.L�e �r�é�s�u�l�t�a�t �e�s�t �c�l�a�i�r� �s�i� (un)n �e�s�t
�s�t�a�t�i�o�n�n�a�i�r�e
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DES CLASSIQUES DE LA TOPOLOGIE DES EVN C PGE.RÉDA.SLAOUI
A.HFA.2012.2013.-

.-
MP :1

, �o�n� �s�u�p�p�o�s�e �d�a�n�� �l�a� �s�u�i�t�e �q�u�e �l�a� �s�u�i�t�e (un) �n�'�e�s�t �p�a�� �s�t�a�-
�t�i�o�n�n�a�i�r�e
1. M�o�n�t�r�e�r� �q�u�e �l�a� �s�u�i�t�e (un)n �e�s�t �c�o�n�v�e�r�g�e�n�t�e �d�e �l�i�m�i�t�e l

2. E�n� �u�t�i�l�i�s�a�n�t �l�a� �c�o�m�p�a�c�i�t�é �d�e K , �m�o�n�t�r�e�r� �q�u�e l = 0

3. C�o�n�c�l�u�r�e

S�o�l�u�t�i�o�n� 25 1. ..U�n�i�c�i�t�é :S�u�p�p�o�s�o�n�� �q�u�e f �a�d�m�e�t �d�e �d�e�u�x
�p�o�i�n�t�� �f�i�x�e�� x et y �t�e�l�� �q�u�e x 6= y , �a�l�o�r�� �p�a�r� �a�p�p�l�i�c�a�t�i�o�n� �d�e (∗)

, �o�n� �a�
||x− y|| = || f (x)− f (y)|| < ||x− y|| �c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e �d�'�o�u� �l��u�n�i�c�i�t�é

..E�x�i�s�t�e�n�c�e : L'�a�p�p�l�i�c�a�t�i�o�n� g :

K → K

x 7−→ ||x− f (x)||
�e�s�t �c�o�n�t�i�-

�n�u�e �d�a�n�� �l�e �c�o�m�p�a�c�t K , �d�o�n�c �e�l�l�e �e�s�t �b�o�r�n�é�e �e�t �a�t�t�e�i�n�t �s�e�� �b�o�r�n�e��
�e�n� �p�a�r�t�i�c�u�l�i�e�r� �e�l�l�e �a�t�t�e�i�n�t �s�a� �b�o�r�n�e �i�n�f�é�r�i�e�u�r�e �e�n� �u�n� �p�o�i�n�t α

.S�u�p�p�o�s�o�n�� �q�u�e f (α) 6= α , �a�l�o�r�� �p�a�r� �a�p�p�l�i�c�a�t�i�o�n� �d�e (∗) , �o�n� �a�
|| f ( f (α))− f (α)|| < || f (α)− α|| �c'�e�s�t �à� �d�i�r�e �q�u�e g ( f (α)) < g(α) �e�t
�c�e�c�i� �c�o�n�t�r�e�d�i�t �l�a� �d�é�f�i�n�i�t�i�o�n� �d�e α �e�t �p�a�r� �s�u�i�t�e f (α) = α , �d�'�o�u� �l�e
�r�é�s�u�l�t�a�t

2. S�o�i�t a ∈ K �e�t un = ||xn − α|| .
S�u�p�p�o�s�o�n�� �q�u�e ∃n0 ∈ N , xn0 = α , �d�o�n�c �p�a�r� �u�n�e �r�é�c�u�r�r�e�n�c�e
�f�a�c�i�l�e �o�n� �a� ∀n ≥ n0 , xn = α �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e (un)n �e�s�t �s�t�a�-
�t�i�o�n�n�a�i�r�e �c�e �q�u�i� �e�s�t �a�b�s�u�r�d�e , �d�o�n�c ∀n ∈N , xn 6= α

O�n� �a� ∀n ∈N , un+1 = ||xn+1− α|| = || f (xn)− f (α)|| < ||xn− α|| = un

�e�t �p�a�r� �s�u�i�t�e �l�a� �s�u�i�t�e (un)n �e�s�t �s�t�r�i�c�t�e�m�e�n�t �d�é�c�r�o�i�s�s�a�n�t�e �e�t �c�o�m�m�e
�e�l�l�e �e�s�t �m�i�n�o�r�é �p�a�r� 0 , �a�l�o�r�� �e�l�l�e �c�o�n�v�e�r�g�e

3. C�o�m�m�e K �e�s�t �c�o�m�p�a�c�t , �a�l�o�r�� �i�l �e�x�i�s�t�e �u�n�e �e�x�t�r�a�c�t�r�i�c�e ϕ �d�e N

�t�e�l�l�e �q�u�e (xϕ(x))n �c�o�n�v�e�r�g�e �d�e �l�i�m�i�t�e γ , �s�i� �o�n� �s�u�p�p�o�s�e �q�u�e γ 6= α ,
�a�l�o�r�� �d�'�a�p�r�è�� (∗) , �o�n� �a� || f (γ)− f (α)|| = || f (γ)− α|| < ||γ− α||.O�r�

uϕ(n)+1 = ||xϕ(n)+1 − α|| = || f (xϕ(n))− α||

.L'�a�p�p�l�i�c�a�t�i�o�n� n 7−→ ϕ(n) + 1 �e�s�t �u�n�e �e�x�t�r�a�c�t�r�i�c�e �d�e N , �d�o�n�c
�p�a�r� �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �e�t �p�a�r� �c�o�n�t�i�n�u�i�t�é �d�e f �o�n� �a� :
l = || f (γ)− α|| < ||γ− α|| = l �c�e �q�u�'�e�s�t �a�b�s�u�r�d�e �d�o�n�c γ = α �e�t �p�a�r�
�s�u�i�t�e l = 0

4. O�n� �c�o�n�c�l�u�t �a�l�o�r�� �q�u�e (xn)n �c�o�n�v�e�r�g�e �d�e �l�i�m�i�t�e α

E�x�e�r�c�i�c�e :26
S�o�i�t A �u�n�e �m�a�t�r�i�c�e �a�n�t�i�s�y�m�é�t�r�i�q�u�e �d�'�o�r�d�r�e n �à� �c�oe�f�f�i�c�i�e�n�t�� �d�a�n��
R �t�e�l�l�e �q�u�e �l�a� �s�u�i�t�e (Ap)p �c�o�n�v�e�r�g�e .M�o�n�t�r�e�r� �q�u�e �s�a� �l�i�m�i�t�e �e�s�t
�n�u�l�l�e

S�o�l�u�t�i�o�n� 26 L�e�� �s�o�u�� �e�s�p�a�c�e�� �v�e�c�t�o�r�i�e�l�� Sn(R) et An(R) �s�o�n�t �d�e
�s�o�u�� �e�s�p�a�c�e�� �d�e �d�i�m�e�n�s�i�o�n� �f�i�n�i�e , �d�o�n�c �i�l �s�o�n�t �f�e�r�m�é�� �d�e Mn(R)

.S�i� �o�n� �n�o�t�e �p�a�r� B �l�a� �l�i�m�i�t�e �d�e �l�a� �s�u�i�t�e (Ap)p .P�o�u�r� p ∈ N∗ , �o�n� �a�
t(A2p) = (t A)2 = (−A)2p = A2p �c�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e �l�a� �m�a�t�r�i�c�e A2p �e�s�t
�u�n�e �m�a�t�r�i�c�e �s�y�m�é�t�r�i�q�u�e �d�o�n�c �s�a� �l�i�m�i�t�e �q�u�'�e�s�t �é�g�a�l�e �à� B , �c�a�r� �e�l�l�e �e�s�t
�e�x�t�r�a�i�t�e �d�e (Ap)p, �e�s�t �u�n�e �m�a�t�r�i�c�e �s�y�m�é�t�r�i�q�u�e �d�e �m�ê�m�e B �e�s�t �a�u�s�s�i�
�l�a� �l�i�m�i�t�e �d�e �l�a� �s�u�i�t�e (A2p+1)p �q�u�'�e�s�t �u�n�e �s�u�i�t�e �d�'�é�l�é�m�e�n�t�� �d�e An(R) ,
�d�o�n�c B �e�s�t �u�n�e �m�a�t�r�i�c�e �a�n�t�i�s�y�m�é�t�r�i�q�u�e �c�a�r� An(R) �e�s�t �f�e�r�m�é .O�n� �a�
�a�l�o�r�� B ∈ An(R) ∩ Sn(R) �c�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e B = 0n

E�x�e�r�c�i�c�e :27

S�o�i�t A =


1 −1 0

−1 2 −1

0 −1 1

.D�é�t�e�r�m�i�n�e�r� �l�e�� �r�é�e�l�� a �t�e�l�� �q�u�e �l�a� �s�u�i�t�e

(ap Ap)p �c�o�n�v�e�r�g�e �v�e�r�� �u�n�e �l�i�m�i�t�e �n�o�n� �n�u�l�l�e

S�o�l�u�t�i�o�n� 27 L�e �p�o�l�y�n�ô�m�e �c�a�r�a�c�t�é�r�i�s�t�i�q�u�e �d�e �l�a� �m�a�t�r�i�c�e A �e�s�t
χA = −X(X− 1)(X− 3) , �i�l �e�s�t �d�o�n�c �s�c�i�n�d�é �à� �r�a�c�i�n�e�� �s�i�m�p�l�e�� , �l�a� �m�a�-
�t�r�i�c�e A �e�s�t �a�l�o�r�� �d�i�a�g�o�n�a�l�i�s�a�b�l�e .I�l �e�x�i�s�t�e �a�l�o�r�� �u�n�e �m�a�t�r�i�c�e �i�n�v�e�r�s�i�b�l�e

P �t�e�l�l�e �q�u�e P−1 AP =


0 0 0

0 1 0

0 0 3

 .C�e �q�u�i� �e�n�t�r�a�i�n�e �q�u�e

∀n ∈N∗ , an An = P.


0 0 0

0 an 0

0 0 (3a)n

 .P−1

.L�a� �s�u�i�t�e




0 0 0

0 an 0

0 0 (3a)n




n

�c�o�n�v�e�r�g�e �v�e�r�� �u�n�e �m�a�t�r�i�c�e �n�o�n� �n�u�l�l�e

�s�i� �e�t �s�e�u�l�e�m�e�n�t �s�i�, �l�a� �s�u�i�t�e (an)n �c�o�n�v�e�r�g�e �v�e�r�� �v�e�r�� �u�n� �r�é�e�l �n�o�n� �n�u�l
�o�u� �l�a� �s�u�i�t�e ((3a)n)n �c�o�n�v�e�r�g�e �v�e�r�� �u�n� �r�é�e�l �n�o�n� �n�u�l , �d�o�n�c �l�a� �s�e�u�l�e
�p�o�s�s�i�b�i�l�i�t�é �e�s�t a =

1
3
.L'�a�p�p�l�i�c�a�t�i�o�n� M 7−→ P.M.P−1 �e�s�t �c�o�n�t�i�n�u�e �c�a�r�

�l�i�n�é�a�i�r�e �e�n� �d�i�m�e�n�s�i�o�n� �f�i�n�i�e , �d�o�n�c �l�a� �s�u�i�t�e




0 0 0

0 an 0

0 0 (3a)n

 .P−1


n

�c�o�n�v�e�r�g�e �d�e �l�i�m�i�t�e �n�o�n� �n�u�l�l�e �s�i� a =
1
3

E�x�e�r�c�i�c�e :28
S�o�i�t A �u�n�e �m�a�t�r�i�c�e �d�'�o�r�d�r�e n �à� �c�oe�f�f�i�c�i�e�n�t�� �r�é�e�l�� .T�r�o�u�v�e�r� �u�n�e
�c�o�n�d�i�t�i�o�n� �n�é�c�e�s�s�a�i�r�e �e�t �s�u�f�f�i�s�a�n�t�e �s�u�r� A �p�o�u�r� �q�u�'�i�l �e�x�i�s�t�e
M ∈ Mn(R) �t�e�l�l�e �q�u�e �l�a� �s�u�i�t�e (Mk)k �c�o�n�v�e�r�g�e

S�o�l�u�t�i�o�n� 28 1. C�o�n�d�i�t�i�o�n� �n�e�c�é�s�s�a�i�r�e.S�i� �u�n�e �t�e�l�l�e �m�a�t�r�i�c�e M

�e�x�i�s�t�e , �a�l�o�r�� �d�'�a�p�r�è�� �l�a� �c�a�r�a�c�t�é�r�i�s�a�t�i�o�n� �s�é�q�u�e�n�t�i�e�l�l�e �d�e �l�a� �c�o�n�t�i�-
�n�u�i�t�é �d�e �l��a�p�p�l�i�c�a�t�i�o�n� N 7−→ N2 , �o�n� �a� lim

k→+∞
M2k = A2 �e�t �c�o�m�m�e

�l�a� �s�u�i�t�e (M2k)k �e�s�t �e�x�t�r�a�i�t�e �d�e �l�a� �s�u�i�t�e (Mk)k , �a�l�o�r�� �e�l�l�e �v�a�
�c�o�n�v�e�r�g�e�r� �v�e�r�� �l�a� �m�a�t�r�i�c�e A , �d�o�n�c �p�a�r� �u�n�i�c�i�t�é �d�e �l�a� �l�i�m�i�t�e �o�n�
�a� A2 = A.

2. C�o�n�d�i�t�i�o�n� �s�u�f�f�i�s�a�n�t�e. S�i� A2 = A, �a�l�o�r�� �e�n� �p�o�s�a�n�t M = A, �o�n� �a�
�b�i�e�n� lim

k→+∞
Mk = A.O�n� �c�o�n�c�l�u�t �a�l�o�r�� �q�u�e L�a� �c�o�n�d�i�t�i�o�n� �n�e�c�é�s�s�a�i�r�e

�e�t �s�u�f�f�i�s�a�n�t�e �c�h�e�r�c�h�é�e �e�s�t �q�u�e A �s�o�i�t �u�n�e �m�a�t�r�i�c�e �d�e �p�r�o�j�e�c�t�i�o�n�

EX�e�r�c�i�c�e :29
S�o�i�t (E, ||.||) �u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é �d�e �d�i�m�e�n�s�i�o�n� �f�i�n�i�e �n�o�n�
�n�u�l�l�e �e�t �s�o�i�e�n�t A �e�t B �d�e�u�x �p�a�r�t�i�e�� �c�o�n�n�e�x�e�� �p�a�r� �a�r�c�� �d�e E

1. M�o�n�t�r�e�r� �q�u�e A× B �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c��
2. M�o�n�t�r�e�r� �q�u�e A + B = {a + b , a ∈ A et b ∈ B} �e�s�t �c�o�n�n�e�x�e

�p�a�r� �a�r�c��

S�o�l�u�t�i�o�n� 29 1. S�o�i�t ((a1, b1), (a2, b2)) ∈ (A× B)2 , �c�o�m�m�e A(respB)

�e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� , �a�l�o�r�� �i�l �e�x�i�s�t�e �u�n� �c�h�e�m�i�n� γ1(respγ2)

�c�o�n�t�i�n�u� �s�u�r� [0, 1] �à� �v�a�l�e�u�r�� �d�a�n�� A(respB) �t�e�l �q�u�e

MP :1 Page :8 ) : hfa.ahmed@yahoo.fr
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.- DES CLASSIQUES DE LA TOPOLOGIE DES EVN
MP :1

γ1(0) = a1 et γ1(1) = a2 (�r�e�s�p� γ2(0) = b1 et γ2(1) = b2) .L'�a�p�p�l�i�c�a�-
�t�i�o�n� ρ �d�é�f�i�n�i�e �s�u�r� [0, 1] �p�a�r�

∀t ∈ [0, 1] , ρ(t) = (γ1(t), γ2(t))

E�s�t �c�o�n�t�i�n�u�e �c�a�r� �s�e�� �c�o�m�p�o�s�a�n�t�e�� �l�e �s�o�n�t .E�t
ρ ([0, 1]) ⊂ A× B , ρ(0) = (a1, b1) et ρ(1) = (a2, b2)

�c�e �q�u�i� �p�r�o�u�v�e �a�l�o�r�� �q�u�e A× B �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c��
2. S�o�i�t (x, y) ∈ (A + B)2 �a�v�e�c x = a1 + b1 et y = a2 + b2,S�o�i�t

γ1(respγ2) �u�n� �c�h�e�m�i�n� �c�o�n�t�i�n�u� �t�r�a�c�é �s�u�r� A (resp sur B) �j�o�i�-
�g�n�a�n�t a1eta2 (respb1 et b2) , �l��a�p�p�l�i�c�a�t�i�o�n� ρ �d�é�f�i�n�i�e �s�u�r� [0, 1] �p�a�r�
∀t ∈ [0, 1] , ρ(t) = γ1(t) + γ2(t) �e�s�t �u�n�e �a�p�p�l�i�c�a�t�i�o�n� �c�o�n�t�i�n�u�e �s�u�r�
[0, 1] �à� �v�a�l�e�u�r�� �d�a�n�� A + B �j�o�i�g�n�a�n�t x et y , �c�e �q�u�i� �m�o�n�t�r�e �l�a�
�c�o�n�n�e�x�i�t�é �d�e A + B

E�x�e�r�c�i�c�e :30
S�o�i�e�n�t A �e�t B �d�e�u�x �p�a�r�t�i�e�� �f�e�r�m�é�e�� �d�'�u�n� �e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �n�o�r�m�é
�d�e �d�i�m�e�n�s�i�o�n� �f�i�n�i�e �t�e�l�l�e�� �q�u�e A ∩ B �e�t A ∪ B �s�o�n�t �c�o�n�n�e�x�e �p�a�r�
�a�r�c�� .M�o�n�t�r�e�r� �q�u�e A et B �s�o�n�t �c�o�n�n�e�x�e �p�a�r� �a�r�c��

S�o�l�u�t�i�o�n� 30 S�o�i�t (a, b) ∈ A2 , �o�n� �a� (a, b) ∈ (A ∪ B)2 , �d�o�n�c �p�a�r� �h�y-
�p�o�t�h�è�s�e �i�l �e�x�i�s�t�e �u�n� �c�h�e�m�i�n� �c�o�n�t�i�n�u�e γ �j�o�i�g�n�a�n�t a �à� b �e�t �c�o�n�t�e�n�u�
�d�a�n�� A ∪ B �t�e�l �q�u�e γ(0) = a et γ(1) = b.
..S�i� γ ([0, 1]) ⊂ A , �a�l�o�r�� �c'�e�s�t �t�e�r�m�i�n�é
..S�i� �n�o�n� �s�o�i�t B = {t ∈ [0, 1] , γ(t) ∈ B} . P�a�r� �h�y�p�o�t�h�è�s�e �c�e�t �e�n�s�e�m�b�l�e
�e�s�t �n�o�n� �v�i�d�e �e�t �b�o�r�n�é �d�o�n�c �a�d�m�e�t �u�n�e �b�o�r�n�e �i�n�f�é�r�i�e�u�r�e �n�o�t�é t0 �e�t
�u�n�e �b�o�r�n�e �s�u�p�é�r�i�e�u�r�e t1 .D'�a�p�r�è�� �l�a� �c�a�r�a�c�t�é�r�i�s�a�t�i�o�n� �s�é�q�u�e�n�t�i�e�l�l�e �d�e
�l�a� �b�o�r�n�e �i�n�f�é�r�i�e�u�r�e , �i�l �e�x�i�s�t�e �u�n�e �s�u�i�t�e (xn)n �d�'�é�l�é�m�e�n�t�� �d�e B �q�u�i�
�c�o�n�v�e�r�g�e �v�e�r�� t0 , �p�a�r� �c�o�n�t�i�n�u�i�t�é �d�e γ �o�n� �a� lim

n→+∞
γ(xn) = γ(t0) �e�t

�c�o�m�m�e B �e�s�t �f�e�r�m�é �d�e E ,a�l�o�r�� γ(t0) ∈ B �c�e�c�i� �d�'�u�n�e �p�a�r�t �d�'�a�u�t�r�e
�p�a�r�t ∀t ∈ [0, t0[ , γ(t) ∈ A �d�o�n�c �p�a�r� �p�a�s�s�a�g�e �à� �l�a� �l�i�m�i�t�e �q�u�a�n�d�
t �t�e�n�� �v�e�r�� t0 �e�t �p�a�r� �c�o�n�t�i�n�u�i�t�é �d�e γ �e�t �c�o�m�m�e A �e�s�t �f�e�r�m�é
�a�l�o�r�� �o�n� �a� γ(t0) ∈ A ,d�o�n�c γ(t0) ∈ A ∩ B �d�e �m�ê�m�e �o�n� �m�o�n�t�r�e �q�u�e
γ(t1) ∈ A ∩ B.L�a� �p�a�r�t�i�e A ∩ B �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c �d�o�n�c �i�l �e�x�i�s�t�e
�u�n� �c�h�e�m�i�n� σ �d�e �l��i�n�t�e�r�v�a�l�l�e [t0, t1] �à� �v�a�l�e�u�r�� �d�a�n�� A ∩ B �t�e�l �q�u�e
σ(t0) = γ(t0) et σ(t1) = γ(t1).C�o�n�s�i�d�é�r�o�n�� �l��a�p�p�l�i�c�a�t�i�o�n�

ρ :


[0, 1]→ E

t 7−→

σ(t) si t ∈ [t0, t1]

γ(t) si non

L'�a�p�p�l�i�c�a�t�i�o�n� ρ �e�s�t �c�o�n�t�i�n�u�e �à� �v�a�l�e�u�r�� �d�a�n�� A �j�o�i�g�n�a�n�t a �e�t b, �c�e �q�u�i�
�p�r�o�u�v�e �a�l�o�r�� �q�u�e A �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c�� �d�e �m�ê�m�e �p�o�u�r� B

E�x�e�r�c�i�c�e :31
S�o�i�t E �u�n� R-�e�s�p�a�c�e �v�e�c�t�o�r�i�e�l �d�e �d�i�m�e�n�s�i�o�n� n.
1. M�o�n�t�r�e�r� �q�u�e �s�i� n ≥ 1 �e�t �s�i� H �e�s�t �u�n� �h�y�p�e�r�p�l�a�n� �d�e E

,a�l�o�r�� E/H �n�'�e�s�t �p�a�� �c�o�n�n�e�x�e �p�a�r� �a�r�c��
2. M�o�n�t�r�e�r� �q�u�e �s�i� n ≥ 2 �e�t �s�i� F �e�s�t �u�n� �s�o�u�� �e�s�p�a�c�e �d�e E

�d�e �d�i�m�e�n�s�i�o�n� �i�n�f�é�r�i�e�u�r�e �o�u� �é�g�a�l�e �à� n − 2 ,a�l�o�r�� E/F �e�s�t
�c�o�n�n�e�x�e �p�a�r� �a�r�c��

S�o�l�u�t�i�o�n� 31 1. H �e�s�t �u�n� �h�y�p�e�r�p�l�a�n� �d�e E �d�o�n�c �i�l �e�x�i�s�t�e �u�n�e �f�o�r�m�e
�l�i�n�é�a�i�r�e �n�o�n� �n�u�l�l�e �d�e E �t�e�l�l�e �q�u�e H = ker (ϕ).
S�o�i�e�n�t (a, b) ∈ E2 �t�e�l �q�u�e ϕ(a) > 0 et ϕ(b) < 0 �e�t γ �u�n� �c�h�e-
�m�i�n� �d�e [0, 1] �d�a�n�� E/H �j�o�i�g�n�a�n�t a et b .L'�a�p�p�l�i�c�a�t�i�o�n� ρ :[0, 1]→ R

t 7−→ ϕ (γ (ta + (1− t)b))
�e�s�t �c�o�n�t�i�n�u�e �s�u�r� [0, 1] �c�o�m�m�e �c�o�m�p�o-

�s�é�e �d�'�a�p�p�l�i�c�a�t�i�o�n�� �c�o�n�t�i�n�u�e�� �e�t ρ(0)ρ(1) < 0 , �d�o�n�c �d�'�a�p�r�è�� T.V.I
�i�l �e�x�i�s�t�e t0 ∈]0, 1[ , ρ(t0) = 0 , �c'�e�s�t �à� �d�i�r�e γ (t0a + (1− t0)b) ∈ H �c�e
�q�u�i� �c�o�n�t�r�e�d�i�t �l�e �f�a�i�t �q�u�e γ �e�s�t �à� �s�u�p�p�o�r�t �d�a�n�� E/H .O�n� �c�o�n�c�l�u�t
�a�l�o�r�� �q�u�e E/H �n�'�e�s�t �p�a�� �c�o�n�n�e�x�e �p�a�r� �a�r�c��

2. S�o�i�t F �u�n� �s�o�u�� �e�s�p�a�c�e �d�e E �d�e �d�i�m�e�n�s�i�o�n� �i�n�f�é�r�i�e�u�r� p �o�u� �é�g�a�l�e
�à� n − 2 �e�t B = (e1, . . . , en) �u�n�e �b�a�s�e �d�e E �a�d�a�p�t�é�e �à� F.S�o�i�t
x =

n

∑
i=1

xiei et y =
n

∑
i=1

yiei �d�e�u�x �é�l�é�m�e�n�t�� �d�e E �n�'�a�p�p�a�r�t�e�n�a�n�t �p�a��
�à� F �d�o�n�c

∃(i0, j0) ∈ [[p + 1, n]]2 , xi0 6= 0 et yj0 6= 0

O�n� �s�u�p�p�o�s�e �p�a�r� �e�x�e�m�p�l�e �q�u�e xi0 > 0 , �l��a�p�p�l�i�c�a�t�i�o�n�

γ :


[0, 1]→ E

t 7−→
n

∑
i=1

(1− t)xiei + tei0

E�s�t �u�n�e �a�p�p�l�i�c�a�t�i�o�n� �c�o�n�t�i�n�u�e �s�u�r� [0, 1] , γ(0) = x et γ(1) = ei0

.S�o�i�t t ∈]0, 1[ �o�n� �a�
γ(t) =

n

∑
i=1 , i 6=i0

(1− t)xiei +
(
(1− t)xi0 + t

)︸ ︷︷ ︸
∈R+
∗

ei0 ∈ E/F

D�o�n�c γ �e�s�t �à� �s�u�p�p�o�r�t �d�a�n�� E/F.D�e �m�ê�m�e �s�i� yj0 > 0 �o�n� �p�e�u�t
�r�e�l�i�e�r� y �a�u� �v�e�c�t�e�u�r� ej0 �e�t �c�o�m�m�e �l�e�� �v�e�c�t�e�u�r�� ei0 et ej0 �s�o�n�t �d�a�n��
�l��e�s�p�a�c�e Vect(ep+1, . . . , en) �e�t �c�o�m�m�e �s�a� �d�i�m�e�n�s�i�o�n� �e�s�t �s�u�p�é�r�i�e�u�r�e
�o�u� �é�g�a�l�e �à� 2 ,a�l�o�r�� Vect(ep+1, . . . , en)/ {0E} �e�s�t �c�o�n�n�e�x�e �p�a�r� �a�r�c��
�e�t �p�a�r� �s�u�i�t�e �o�n� �p�e�u�t �r�e�l�i�e�r� ei0 etej0 �p�a�r� �u�n� �c�h�e�m�i�n� �c�o�n�t�i�n�u�e
�c�o�n�t�e�n�u� �d�a�n�� Vect(ep+1, . . . , en)/ {0E} �d�o�n�c �d�a�n�� E/F.O�n� �c�o�n�c�l�u�t
�a�l�o�r�� �q�u�e x et y �s�o�n�t �r�e�l�i�e�r� �p�a�r� �u�n� �c�h�e�m�i�n� �c�o�n�t�i�n�u� �e�t �c�o�n�t�e�n�u�
�d�a�n�� E/F .
S�i� xi0 < 0 , �o�n� �f�a�i�t �u�n� �r�a�i�s�o�n�n�e�m�e�n�t �a�n�a�l�o�g�u�e �e�n� �r�e�m�p�l�a�ç�a�n�t
ei0 �p�a�r� −ei0

E�x�e�r�c�i�c�e :32
S�o�i�e�n�t E = C ([0, 1], R) �m�u�n�i� �d�e �l�a� �n�o�r�m�e ||.||∞ �e�t

A =

{
f ∈ E , f (0) = 0 et

∫ 1

0
f (t)dt ≥ 1

}
1. M�o�n�t�r�e�r� �q�u�e A �e�s�t �u�n�e �p�a�r�t�i�e �f�e�r�m�é�e �d�e E

2. V�é�r�i�f�i�e�r� �q�u�e :∀ f ∈ E , || f ||∞ > 1

3. C�a�l�c�u�l�e�r� �l�a� �d�i�s�t�a�n�c�e �d�e �l�a� �f�o�n�c�t�i�o�n� �n�u�l�l�e �à� �l�a� �p�a�r�t�i�e A

S�o�l�u�t�i�o�n� 32 1. S�o�i�t ϕ : f 7−→ f (0) et ψ : f 7−→
∫ 1

0
f (t)dt ≥ 1.S�o�i�e�n�t

f et g �d�e�u�x �é�l�é�m�e�n�t�� �d�e E , �o�n� �a� :
|ϕ( f )− ϕ(g)| = | f (0)− g(0)| ≤ || f − g||∞

C�e �q�u�i� �v�e�u�t �d�i�r�e �q�u�e ϕ �e�s�t �l�i�p�s�c�i�t�z�i�e�n�n�e �d�o�n�c �c�o�n�t�i�n�u�e �s�u�r� E.C�e�c�i�
�d�'�u�n�e �p�a�r�t �d�'�a�u�t�r�e �p�a�r�t �o�n� �a�

|ψ( f )− ψ(g)| = |
∫ 1

0
( f (t)− g(t)) dt| ≤

∫ 1

0
| f (t)− g(t)|dt

≤ || f − g||∞
D�o�n�c ψ �e�s�t �l�i�p�s�c�h�i�t�z�i�e�n�n�e �d�o�n�c �c�o�n�t�i�n�u�e ,o�n� �e�n� �d�é�d�u�i�t �a�l�o�r�� �q�u�e
ϕ−1 ({0}) �e�s�t �u�n� �f�e�r�m�é �d�e E �e�t ψ−1 ([1,+∞[) �e�s�t �u�n� �f�e�r�m�é �d�e E

�e�t �p�a�r� �s�u�i�t�e A �e�s�t �f�e�r�m�é �d�e E

2. S�u�p�p�o�s�o�n�� �q�u�e ∃ f ∈ A �t�e�l�l�e �q�u�e || f ||∞ ≤ 1 ,a�l�o�r��
1 ≤

∫ 1

0
f (t)dt =

∣∣∣∣∫ 1

0
f (t)dt

∣∣∣∣ ≤ ∫ 1

0
| f (t)|dt ≤ || f ||∞ ≤ 1

3.

E�x�e�r�c�i�c�e :33

S�o�i�t A =

1
3

1
2

1
4
−1

2

.M�o�n�t�r�e�r� �q�u�e �l�a� �s�é�r�i�e �d�e �t�e�r�m�e �g�é�n�é�r�a�l An

�e�s�t �c�o�n�v�e�r�g�e�n�t�e �e�t �c�a�l�c�u�l�e�r� �s�a� �s�o�m�m�e
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S�o�l�u�t�i�o�n� 33 L�a� �n�o�r�m�e �s�u�r� M2(R) �e�s�t �l�a� �n�o�r�m�e �s�u�b�o�r�d�o�n�n�é�e �a��-

�s�o�c�i�é �à� �l�a� �n�o�r�m�e �i�n�f�i�n�i�e �s�u�r� M2,1(R).S�i� �o�n� �p�o�s�e X =

x

y

 , �a�l�o�r��
�o�n� �a�
||AX||∞ = max

(∣∣∣ x
3
+

y
2

∣∣∣ ,
∣∣∣ x
4
− y

2

∣∣∣) ≤ 5
6

max(|x|, |y|) = 5
6
||X||∞ < 1

D'�o�u� ||A|| < 5
6
< 1 �e�t �p�a�r� �s�u�i�t�e �l�a� �s�é�r�i�e ∑

n
An �c�o�n�v�e�r�g�e �d�e �s�o�m�m�e

+∞

∑
n=0

An = (I2 − A)−1 =
2

21

18 6

3 8


E�x�e�r�c�i�c�e :34
L�a� �l�e�t�t�r�e K �d�é�s�i�g�n�e R �e�t C. S�o�i�t M �u�n�e �m�a�t�r�i�c�e �d�'�o�r�d�r�e n �à� �c�o-
�e�f�f�i�c�i�e�n�t�� �d�a�n�� K.M�o�n�t�r�e�r� �q�u�'�i�l �e�x�i�s�t�e �u�n� �e�n�t�i�e�r� �n�a�t�u�r�e�l k0 �t�e�l
�q�u�e

∀k ∈≥ k0 ,
k

∑
j=0

1
j!

Mj ∈ GLn(K)

S�o�l�u�t�i�o�n� 34 Mn(K) �e�s�t �d�e �d�i�m�e�n�s�i�o�n� �f�i�n�i�e �n�o�n� �n�u�l�l�e, �d�o�n�c �s�e��
�n�o�r�m�e�� �s�o�n�t �é�q�u�i�v�a�l�e�n�t�e�� , �d�o�n�c , �o�n� �c�h�o�i�s�i�t �a�l�o�r�� �u�n�e �n�o�r�m�e �q�u�e�l-
�c�o�n�q�u�e �s�u�r�Mn(K) .O�n� �r�a�p�p�e�l�l�e �q�u�e GLn(K) �e�s�t �u�n� �o�u�v�e�r�t �d�eMn(K)

�c�a�r� GLn(K) =
−1
det(K∗) �e�t K∗ �e�s�t �u�n� �o�u�v�e�r�t �e�t det �e�s�t �c�o�n�t�i�n�u�e

.P�u�i�s�q�u�e eM ∈ GLn(K) , �a�l�o�r�� ∃r > 0 , B
(

eM, r
)
⊂ GLn(K).

O�r� eM = lim
k→+∞

1
k!

Mk �c�e �q�u�i� �e�n�t�r�a�i�n�e �a�l�o�r�� �q�u�e

∃k0 ∈N , ∀k ≥ k0 ,
k

∑
j=0

1
j!

Mj ∈ B
(

eM, r
)

E�t �p�a�r� �s�u�i�t�e ∀k ≥ k0 ,
k

∑
j=0

1
j!

Mj ∈ GLn(K)
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